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Abstract

Ridges are characteristic curves of a surface that mark salient intrinsic fea-
tures of its shape and are therefore valuable for shape matching, surface
quality control, visualization and various other applications. Ridges are loci
of points on a surface where one of the principal curvatures attain a critical
value in its respective principal direction. We present a new algorithm for
accurately extracting ridges on B-Spline surfaces and define a new type of
salient region corresponding to major ridges that characterize geometrically
significant regions on surfaces. Ridges exhibit complex behavior near umbil-
ics on a surface, and may also pass through certain turning points causing
added complexity for ridge computation. We present a new numerical tracing
algorithm for extracting ridges that also accurately captures ridge behavior
at umbilics and ridge turning points. The algorithm traverses ridge segments
by detecting ridge points while advancing and sliding in principal directions
on a surface in a novel manner, thereby computing connected curves of ridge
points. The output of the algorithm is a set of curve segments, some or all of
which, may be selected for other applications such as those mentioned above.
The results of our technique are validated by comparison with results from
previous research and with a brute-force domain sampling technique.
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Femur Crests

Figure 1: Ridges and crests of a femur B-Spline surface model.

1. Introduction

Ridge curves mark important intrinsic features of the shape of a sur-
face. The formal mathematical study of the role of ridges in geometry began
with the research of Porteous [1] and was first emphasized for shape analysis
by Koenderink [2]. Since then, ridges have proven valuable in a variety of
applications spanning diverse domains. They are view independent curves
and more stable with surface deformation compared to other feature curves
such as curvature lines, which makes them very useful for shape match-
ing [3, 4, 5, 6]. They are useful in visualization applications since they cap-
ture perceptually salient features of an object [7, 8, 9]. Other applications
include freeform surface quality control [10] and geophysical analysis [11, 12].
Figure 1 shows ridges and special types of ridges called crests of a B-Spline
surface model of the upper part of a femur bone that have been computed
using the technique presented in this paper.

A variety of approaches have been previously presented for computing
ridges of discrete surface representations including polygonal meshes and im-
ages and implicit surface representations that are typically used to approxi-
mate discrete data. Estimating principal curvatures and their derivatives are
major challenges for discrete surface representations. Tracing is relatively
simpler and is typically performed by detecting crossings of ridges on the
boundaries of mesh polygons or image voxels.

In contrast, principal curvatures and their derivatives can be computed
exactly at specific points given a parametric surface representation with suf-



ficient smoothness, but tracing ridges is more difficult. In addition, ridges
exhibit complex behavior around umbilics where multiple segments may co-
alesce, or form loops. Umbilics represent important features on surfaces and
have been used in shape matching [13]. Therefore, it is essential to compute
ridges around umbilics accurately. There are relatively few methods that
address ridge computation at umbilics on parametric surfaces.

The main contribution of this paper is a new algorithm for computing
ridges on tensor product B-Spline surfaces that also accurately captures ridge
behavior at umbilics and other special points such as turning points. The
algorithm traces ridges using localized curvilinear coordinate systems formed
by principal curvature lines. Key results on computing principal curvature
lines at umbilics, presented in [14], are utilized in the approach presented in
this paper. The output of the algorithm is a set of ridge curve segments, that
are available for use in other applications such as those mentioned previously.
While the technique presented in this paper has been designed for tensor
product piecewise rational parametric surfaces, it is quite general and extends
to surface representations with multiple or trimmed patches with sufficient
smoothness.

This paper also introduces a new type of geometrically salient region cor-
responding to major ridges. These salient regions also provide a means of
measuring the importance of a ridge and its surrounding region in terms of
higher order shape features. Earlier methods for quantifying the importance
of ridges account for geometric properties only at ridge points [15, 16, 17].
The method introduced in this paper also considers salient neighborhood of
ridges. Salient regions provide additional information for studying geometric
variation of similar shapes and are especially useful when the ridges them-
selves do not provide sufficient information. For example, the location of the
ridges may be very similar across a set of similar surfaces but the geome-
try of regions surrounding the ridges may vary. An example is presented in
Section 8 to illustrate this situation.

1.1. Definition and Classification of Ridges

There are a number of different definitions of ridge curves on surfaces
with different meaning and intent. We follow the notation given in [18,
19] and present that definition here. Consider a tensor product parametric
surface S(u,v) € R3. Every point on S(u,v), excluding umbilics, has two
different principal curvatures (k1 > ko) and two corresponding principal



Table 1: Classification of Ridges

Ridge Type Definition
. def
/—fl—rldge thlil = <V/€1,t1> = 0
. def
/ig—rldge VtQKQ = <V/€2,t2> = 0
Elliptic ridge Vi k1 =0, tfH,ﬂtl <0
thFLQ = O, tgHHQtQ >0
Hlii — |:'@'uu Kiuv:| 77; — 17 2
Riwv  Rivo
Crest Vik1 =0, tTH.t; <0, |ki|> |kol
(Ko-crest — ravine or valley) | Vi, ko = 0, t2H,,ty >0, |r1| < |2




directions (t1, t2)!. Ridges are loci of points on a surface where one of the
principal curvatures attains a critical value (i.e., local maximum, minimum or
inflection) in its respective principal direction. This turns out to be equivalent
to ¢;(u,v) = (Vk;,t;) = 0,6 = 1 or 2 (See [18, 20]). In this paper, we
will henceforth refer to ¢;(u,v) as the ridge condition for the corresponding
principal curvature.

Table 1 presents a classification of the various types of ridges. A ridge is
called elliptic if k1 (ko) at a ridge point attains a local maximum (minimum)
in the t; (t5) direction, and termed hyperbolic otherwise. A crest is an elliptic
ridge of the principal curvature with larger magnitude (See Table 1). The
crest curve corresponding to the minimum principal curvature is typically
called a wvalley or a ravine. It should be noted that some authors prefer to
define ridges as the crest corresponding to the maximum principal curvature,
while others refer to crests as kq-ridges, where |k1| > |k2|. In this paper, the
term ridges encompasses crests, elliptic, and hyperbolic ridges.

1.2. Generic Properties of Ridges
Various aspects of the behavior of ridges on surfaces are summarized in

this section (See [2, 18, 19, 21, 22] for discussions and proofs). In this paper,
only the generic case is considered.

1. Two different ridges of the same principal curvature do not cross each
other, except at umbilics. This property reduces the complexity of
ridge tracing significantly.

2. kp-ridges may cross ko-ridges at so called purple points.

3. Ridges of a particular principal curvature do not have start or end
points within a model (excluding the boundary of an open surface),
except at umbilics.

4. Although principal directions are not defined at umbilics, ridges do
occur at umbilics and exhibit complex behavior around umbilics.

5. Elliptic ridges, and therefore crests, do not occur at umbilics.

6. An umbilic may be classified as either a 1-ridge umbilic or a 3-ridge
umbilic depending on the number of ridges arriving at the umbilic.

7. Ridges of a principal curvature intersect its corresponding principal
direction transversally on the surface (R*) except at a few isolated

t; and t, are 2D vectors denoting elements of the tangent plane at S(u,v).



locations. This property enables tracing ridges on local coordinate
systems formed by principal directions on a surface.

8. Locations on the surface where a ridge is tangential to the correspond-
ing principal direction are called turning points (also known as A,
points in geometry and singularity theory). Turning points are de-
tected using this property in the approach presented in this paper.

9. At a turning point, a ridge attains a local inflection in the correspond-
ing principal direction and changes from being elliptic to hyperbolic
or vice versa. This condition is given by t/ H.t; = 0,5 = 1 or 2. In
this paper, this equation is not used since Property 8 allows identifi-
cation of turning points without computing second order derivatives of
curvatures.

10. A ridge of one principal curvature may be tangential to the other prin-
cipal curvature direction on the surface (R?®) i.e., a r;-ridge may be
tangential to the minimum curvature direction and vice versa. A good
example is the equator of an ellipsoid.

This paper is organized as follows. Related research results on ridge
computation are presented in Section 2. Section 3 presents background on
differential geometry of surfaces. An overview of the ridge tracing algorithm
is presented in Section 4 and the details are presented in Sections 5 and 6.
Results and discussion on ridge computation are presented in Section 7. New
results on identifying salient regions associated to major ridges are presented
in Section 8, after which concluding remarks are made.

2. Previous Work on Extracting Ridges

Previous results on computing ridges of parametric surfaces can be clas-
sified into two categories: 1) direct computation of zero sets of the ridge
condition equations, and 2) evaluation of the ridge condition on a tessella-
tion of the parametric domain or other locations on a surface. The research
presented in Cazals et al. [18, 21, 22] falls into the first category. In [18], a
system of equations that encodes all the ridges and umbilics of a parametric
surface represented by a single polynomial is presented. This system is essen-
tially the product of the ridge conditions for both the principal curvatures.
An algorithm is presented to solve the resulting polynomial equations using
algebraic techniques [21, 22|, and to compute topologically correct ridges.
Their research presents the first technique to compute the topology of ridges



exactly at umbilics. Examples have been provided for single patch Bézier
surfaces. The results computed using the technique presented in this paper
are validated with an example from their research.

Other prior results for computing ridges on parametric surfaces fall into
the second category. A method based on sampling the ridge condition on the
curvature lines of a parametric surface and reporting a collection of points
(without connectivity information) that satisfy the ridge condition (within
some error criteria) is presented in Hosaka [10]. The notion of crest bands has
been introduced in Jefferies [23]. Crest bands are soft ridges that satisfy the
ridge condition within a given threshold at uniform samples in the parametric
domain. This technique is also used for comparison and validation of the
results presented in this paper. A similar approach for sampling the ridge
condition on a regular rectangular grid in the parametric space of a surface
represented by thin-plate splines and connecting neighboring ridge points on
the grid has been presented in Guéziec [3]. Approximation of ridges on the
edges of a triangulation of the parametric domain has been presented in Kent
et al. [4] and Morris [24]. In the research presented by Morris [24], umbilics
are first detected and ridge points are identified on circles surrounding the
umbilics.

This paper presents a new approach based on numerically tracing zeros of
the ridge condition within a user defined error bound, which may be arbitrar-
ily small. Within the bounds of the numerical error, our technique accurately
captures generic ridge behavior at all locations on a surface including umbil-
ics. Our technique has been designed for rational B-Splines, which are used
to represent complex surfaces in a rich variety of applications, and is reason-
ably fast for complex surfaces. For rational parametric surfaces (NURBS),
the ridge equations have a very high degree, and hence, directly solving for
the zero sets of the ridge condition is computationally expensive in terms
of memory and processing time. In addition, to the best of our knowledge,
there is no technique in the existing literature that can accurately compute
the topology of ridges of NURBS surfaces at all locations from a disjoint
set of ridge points. The authors of [21, 22] note that at the time of writ-
ing (2007), their technique for processing single polynomial surfaces was too
slow to compute results in reasonable time for a bi-quintic Bézier patch. A
domain tessellation or sampling-based method, albeit computationally fast,
has other disadvantages. It is hard to obtain accurate ridges (exact zeros of
the ridge condition) and connectivity information, especially at umbilics.

We briefly review some of the techniques used for computing ridges for
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polygonal meshes, implicit surface representations and discrete images. This
is by no means an exhaustive review, but enlists representative works in
each area. For polygonal meshes, curvatures and their derivatives are ap-
proximated by a discrete differential geometry method [17, 25], by fitting
a local or global smooth surface [15, 16, 26], or a combination of the two
approaches [27]. The tracing methods typically follow vertices classified as
ridge points or along the zero crossings of the ridge condition on the poly-
gon edges. Geometric filtering approaches have been presented in Belyaev et
al. [28] and Lai et al. [29]. For implicit surface representations, techniques for
computing ridges via the intersection of the implicit surface and other im-
plicit equations describing the ridges have been presented [30, 31, 32]. There
has also been work on detecting ridges on images using nonlinear filtering
techniques [28, 33]. Most of these techniques present results for only crest
curves and thus, do not address ridges at umbilics.

3. Background

In this section, we review fundamental results on differential geometry
that are utilized in this paper. For details, the reader is referred to [14, 34, 35].

3.1. Principal Curvatures and Principal Directions

Consider a regular tensor product parametric B-Spline surface S(u,v) :
[, u?] x [v!',v*] = R3 S € C% The surface normal, n(u,v) = %
(assumed oriented inward for a closed surface, and ||.S, x S,|| # 0 since S
is regular) where, subscripts indicate the partial derivatives with respect to
the corresponding parameter variable. The matrix of the first fundamental

form of the surface is given by,

= [ o[ &8 o

The matrix of the second fundamental form is given by,

AL M| [{(Suuwsn) (Suw,n)
1= [M N] = {(Suv,n) (So.m) (32)
Let A, B, C be defined as follows.
A=FEG— F?
B=2FM —GL -~ EN (3.3)
C =LN — M?



Then, the principal curvatures at a point on the surface are given by,

 —B+VB?—-4AC  —B—-VB?—-4AC
a 2A v = 2A (3.4)

R1

K1 = Ko

k1 is termed the maximum principal curvature and ko is termed the min-
imum principal curvature. The corresponding principal curvature directions
are given by,

- t%- _ -—(M - HlF)- or -—(N — HlG)-

L _t%_ L L— IilE i i M — IilF i
- o ) (3.5)

o — t% _ —(M — KQF) or —(N — KQG)

2 _t%_ i L— /€2E i i M — /€2F i

The coefficients in the above equation are chosen so that the principal
direction vectors are non-degenerate and as well-conditioned as possible. If
only one of the vectors is well-conditioned, the following property enables
computation of the other vector.

3.2. Orthogonal Property of Principal Directions

The vectors t; and ts lie in the tangent plane at S(u,v) spanned by S,
and S,. The model or Euclidean space vectors, denoted by T and T, are
given by,

(3.6)
T, =t3S, + t35,

If K1 # K, then (T7,T3) = 0, so the two principal directions are or-
thogonal at all non-umbilic points on the surface. (see lemma 12.47 of [34] or
[35]). This property enables tracing ridges on a surface using local coordinate
systems formed by 77 and 75 at non-umbilic points.

3.3. Three Types of Umbilics

Umbilics are points on the surface where the normal curvatures in all
directions are equal. Therefore, Ky = ko and the principal directions are not
defined. However, lines of curvature exhibit three different patterns around



Figure 2: Patterns of principal curvature lines around umbilics. x; curvature lines are
indicated in pale blue and ko curvature lines are in magenta.

generic umbilics denoted as the lemon, star, and (le)monstar patterns. Fig-
ure 2 shows the three different patterns formed by the principal curvature
lines around umbilics?. At a lemon umbilic, there is a single principal direc-
tion that changes from being a maximum curvature principal direction to a
minimum curvature principal direction. At a star umbilic, there are three
such principal directions. A monstar umbilic is similar to a star umbilic, ex-
cept that all maximum (minimum) curvature directions are contained within
a right angle.

3.4. Principal Directions Around Umbilics

Maekawa and Patrikalakis [14, 36] presented a technique to distinguish
between generic and non-generic umbilics and classify generic umbilics as
lemon, star and monstar, and to compute exact principal direction patterns
around umbilics. The principal directions were used in their work to trace
curvature lines on a surface around umbilics. We employ this method to
characterize behavior of ridges near umbilics. The idea is to represent the
surface locally as a Monge patch in a reference frame centered at the um-
bilic and aligned with the tangent space of the surface at the umbilic. Then,
the position vectors of the local maxima and minima of the Monge patch
around the umbilic in the tangent space represent the maximum and mini-
mum principal direction vectors. Details of this method can be found in [14].
Their approach also detects non-generic umbilics. We have not found any
literature characterizing the behavior of principal curvature lines and ridges

2In geometry literature, blue and red colors have been used to indicate principal cur-
vature lines as well as k1 and ko ridges. In this paper, pale blue and magenta are used to
depict curvature lines in order to distinguish between curvature lines and ridges.
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Advance

Advance

Ridge

(a) Advance and slide steps for a single (b) Several progress operations in a
progress operation trace (projection steps not shown)

Figure 3: Tracing overview - advance and slide steps. Advance steps are shown in brown,
projection operations are shown in black, slide steps are shown in green. Also shown are
principal directions and ridges (dark blue).

around non-generic umbilics and hence chose not to address them in this
paper.

At generic umbilics, there can either be a single maximum and minimum
(lemon) or three maxima and minima (star and monstar). Maxima and
minima occur on opposite sides of each other i.e., the angle between their
position vectors is w. This phenomenon is shown in Figure 2, where the
relevant maximum and minimum principal directions are opposite to each
other.

4. Overview of Tracing Algorithm

The input surface, S(u,v), is assumed to be regular (i.e., S, x S, # 0),
having only isolated umbilics, and ridges that exhibit only generic properties
as specified in Section 1.2. The surface is also required to be C® smooth, in
order to have continuous first order derivatives of principal curvatures. k-
ridges and ko-ridges are traced separately. In our discussion, we present the
algorithm for tracing ridges corresponding to the maximum principal curva-
ture (k1). The tracing procedure for ko-ridges is similar, and the differences
are indicated at the end of the section after an overview of the algorithm has
been presented.

Traces are started at various seed points including critical points of cur-
vature and umbilics. Curvature critical points trivially satisfy the ridge con-
dition since the curvature gradient is identically zero at these locations. Um-
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bilics are also included as seed points since ridges may pass through these
points.

Our strategy is based on the property that k;-ridges intersect the x;
curvature lines transversally except at a few isolated turning points. The
idea is to trace a k1 curvature line to a zero of the ridge condition, where the
k1 curvature line intersects a ridge. In order to progress to the next trace
point, the algorithm steps along the x5 curvature line (75 direction) and then
traces the k; curvature line from the new location. Since the curvature lines
are orthogonal, the algorithm is guaranteed to progress further along a ridge.

Each trace consists of several progress operations. Each progress opera-
tion consists of two steps viz., an advance step, and a slide step, as illustrated
in Figure 3.

1. Advance step - compute a new point in the tangent plane of the cur-
rent ridge point in the Euclidean minimum principal direction (73) and
project it onto the surface.

2. Slide step - slide along the Euclidean maximum principal direction (7})
and project onto the surface. Iterate until a zero of the ridge condition
is reached (7; recomputed at each point).

Figure 3(a) shows an advance step and a slide that consists of a single step.
In general, a slide may consist of several small sub-steps and the principal
curvatures and directions are recomputed at every sub-step (Figure 3(b)).

The step sizes are varied adaptively (See Section 6). A trace ends when
it reaches either another seed point or a parametric domain boundary. A
new trace is also computed from the same seed point but by advancing in
the opposite (—7%) direction. Special care is needed when the trace is close
to a turning point and when the trace is started at an umbilic. The following
sections present details on computing seed points and the different tracing
steps.

The algorithm for tracing ko-ridges differs in that the advance step is done
along the maximum principal direction (77) and the slide step is performed
along the minimum principal direction (73).

Away from umbilics, classical tracing methods via solutions of ordinary
differential equations (ODEs) representing the ridges may be employed. How-
ever, such methods require higher order surface smoothness and are compu-
tationally more demanding since derivatives of the ridge condition are re-
quired. In our experiments, much smaller step sizes were required by the
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ODE based method for achieving the same accuracy as the algorithm pre-
sented in this paper. In addition, singular points of the ridge condition are
required for robust tracing via ODEs and the task of locating such points is
computationally demanding due to the complexity of the ridge condition and
its derivatives. Due to all the above reasons, the algorithm presented in this
paper is computationally more suitable than ODE based methods for ridge
tracing.

5. Computing Seed Points

This section presents systems of equations required to compute curva-
ture critical points and umbilics based on [37, 14]. A robust and efficient
subdivision-based constraint solving technique [38, 39] is used to compute
the roots of relevant piecewise rational equations. The subdivision-based
technique will compute all roots upto a user-specified tolerance [38].

5.1. Curvature Critical Points

Critical points of curvature occur at the locations on a surface where
the curvature gradient is identically zero. Using the notation introduced in
Section 3.1, and writing both principal curvatures in one equation,

—B++vB?—4AC
(5.1)
2A
It is necessary to solve for simultaneous roots of

k(u,v) =

Ku(u,v) =0,

Ko(u,v) = 0. (5:2)

B(u,v) is not rational since it involves the coefficients of the second funda-
mental form, which in turn have a square root in the denominator. Noting

that ||S, x S,|| = V/A,

L M N
L=—", M=-—— N=_"-
VA VA VA
B c
B=—, (C=— 5.3
i “Ta >
~ B4+ VB2 —4AC
K(u,v) = -



A~ S~ A A A~

where L, M, N, B, C are piecewise polynomial or piecewise rational depend-
ing on whether S(u,v) is piecewise polynomial or rational, respectively.
The first order derivatives of k(u,v) are given by,

R®

Ky = P 4+ =0
V@
R®)

Ky = P + =0

where,

Q= B2 —4AC
Note that,
RW)
Riy = P(u) + , KRiv = ©)
V@
(u)
/{2u:P(u)_R KQUZP(U)

\/@7

R®)
- VQ

(5.4)

(5.5)

(5.6)

Moving the terms with the square root in Equation 5.4 to the right hand

side, squaring both sides and simplifying we get,

QP2 — RW2 —

Qp(v)2 — RW2 —

(5.7)

The above equations encode the critical points of both k; and k. After
solving for the roots of the above system of equations, they are classified as
critical points of k1 or ke by evaluating Equation 5.6.
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5.2. Umbilics

At umbilics, k1 = k9. Therefore, from Equation 5.3 it is apparent that,
Q(u,v) = B2 —4AC =0 (5.8)

In addition, Q(u,v) attains a minimum at the umbilic (since Q(u,v) > 0).
Therefore, the roots of the following system of equations are computed.

9WY) _ 9BB, — 44,6 —4AC, = 0
ou
(5.9)
% —9BB, —4A,0 — 4AC, = 0
v

Equation 5.8 is then evaluated to ensure Q(u,v) = 0 (since there may be
local extrema of Q(u,v) that do not occur at umbilics).

6. Tracing

As mentioned in Section 4, each trace consists of a series of advance
and slide steps. For both these steps, consistent orientation of the principal
directions and prudent step sizes must be chosen in order to successfully trace
a ridge. We discuss each operation with respect to tracing a ki-ridge. The
strategy for tracing at umbilics and the technique used for projecting points
onto the surface at every step are also presented.

6.1. Advance Step

6.1.1. Orientation

At every advance step, it is necessary to ensure that the new T, vector is
along the same direction as the previous 75 vector and not opposite (by en-
suring that the angle between the vectors in acute). The heuristic, called the
acute angle rule [15], has been used for tracing ridges on polygonal meshes.

6.1.2. Step size
A judicious choice of step size is critical when two ridges are close. At
every advance step, an initial step size &y is first selected®. Let r; € R?

3In our experiments, initial step sizes of 0.1% of the length of the diagonal of the
bounding box of the surface worked well.
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Figure 4: Robust initial advance step size selection. r; is a ridge point and r; is the advance
point.The graph of ¢(w) between r; and r; (w € [0,1]) is shown as a thick curve. Broken
curve segments indicate ¢(w),w < 0,w > 1. dp should be chosen such that ¢(w) does
not have any local extrema between r; and r;. a) indicates a correct step size selection.
b) and c¢) indicate incorrect step size selections. In case b), the trace will get stuck in a

local minimum of ¢(w) and will not reach a ridge. In case c), the trace will converge to
an adjacent ridge segment.

Turning point

Figure 5: Advance step size (turning point aware). Advance steps are shown in brown,
maximum curvature principal directions are shown in pale blue, ridge is shown in dark
blue.
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be the parameter values for the current ridge point and r; € R? be the
parameter values for the point arrived at by advancing along the T5 direction
and projecting onto the surface. Let ¢(u,v) represent the ridge condition for
the current principal curvature. y(w) = (u(w),v(w)) = r; + w(r; —r;),w €
0, 1] is the line segment joining r; and ;. ¢(y(w)) is the corresponding curve
segment of the ridge condition between r; and 7;. In order to guarantee
robustness, the trace must not slide to either a local extremum of ¢(u,v) or
an adjacent ridge segment (See Figure 4). This condition can be enforced by
ensuring that ¢(y(w)) does not have any local extrema. The test would then
involve checking whether or not the graph of ¢(y(w)) has a zero slope at
any point. However, computation of the slope requires higher order surface
smoothness. In addition, ¢(y(w)) is not a rational function. Therefore a
computationally efficient approach similar to a Monte Carlo method requiring
only samples of ¢(y(w)) is used. The interval w = [0, 1] is sampled randomly
and ¢(v(w)) is evaluated at the samples. The robustness test then checks if
the samples of ¢((w)) are monotonic with respect to w. &y must be reduced
until this condition is satisfied.

The advance step size is additionally varied adaptively during the trace
depending on nearness to a turning point. The step size can be additionally
scaled using curvature magnitude and curvature gradient magnitude at ev-
ery step. Initially, at a seed point, there is no information about the ridge
direction. From the next advance step onward the ridge direction is tracked
using the previous trace points. The angle between the ridge direction and
the T direction computed at the current location is related to the proximity
of a turning point. An angle close to zero implies that a turning point is very
close. The step size is reduced accordingly during the trace until it falls be-
low a threshold (turning point_stepsize_threshold?). Once it falls below
the threshold, the orientation of the T3 vector is reversed since the ridge will
now progress in the opposite direction. From the next advance step onward,
the trace will use the new orientation of the Ty vector. The ridge progress
direction is used to avoid backtracking along the previously computed trace
after a flip. The adaptive step size variation in the vicinity of a turning
point is illustrated in Figure 5. Also, using a larger step size immediately
after detecting a potential turning point and searching for a ridge by sliding
from an advance step in both Ty and —T5 directions helps detect a geodesic

4We have used a threshold value of 107° in our experiments.
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Figure 6: Sliding to a ridge. Advance step is shown in brown, slide steps are shown in
green. a) First slide step is moving toward ridge but has not yet reached ridge, b) Second
slide step has crossed ridge, c) Slide is recomputed with reduced step size, new slide point
has not yet reached ridge, d) Slide has reached ridge after a few steps of b) and c).

inflection point of the ridge.

6.2. Slide Step

After an advance step is done, the slide begins with an initial step size
and a local search is performed for a ridge in both T} and —77 directions.
The technique presented in Section 6.1.2 can be used to ensure robust initial
step size selection. Figure 6 shows a sample sliding scenario. The values
of the ridge condition at the current location and a step from the current
location in the 77 direction are compared. If the ridge conditions at the
two points have the same sign and have increasing magnitude, a slide is not
performed in that direction. If they have the same sign and are decreasing
in magnitude, the new location is accepted and the slide is repeated from
the new location. If the signs are different (implying that the slide crossed a
ridge), the slide step size is reduced® and a new location is recomputed from
the current point along the 7} direction at the current point. This process is
repeated iteratively until the ridge condition falls below a specified threshold
(ridge_accuracy_threshold)®. A local acute angle heuristic is used to select
consistent T} vector orientations.

6.3. Tracing from Umbilics

The algorithm sweeps around umbilics using the principal curvature di-
rections to detect ridges. If a ridge is found, a seed point is created and
a trace is started in the direction away from the umbilic (See Figure 7 for
illustration).

5In our experiments, we found that halving the step size works well.
6ridge_accuracy_threshold value of 1072 was used in our experiments.
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Figure 7: Tracing around umbilics. Scout points are shown in green.

Recall from Section 3.4 that there are either one or three pairs of minimum
and maximum curvature directions oriented opposite each other. In any of
these cases, a scout point is created at a small distance from the umbilic
along each of the minimum curvature directions and traces are started from
each of them as presented in the previous section. If the scout does not detect
a ridge, it will stop automatically. If the scout does detect a trace, it will
continue as if it were tracing from any other regular point. In addition, scout
points are also created along the maximum principal directions in order to
completely sweep around the umbilic.

It should be noted that it is possible to trace the same ridge multiple
times (from start to end and reverse). At umbilics, a ridge can be traced
multiple times from different seed points. Duplicate ridges are detected by
inspecting the start and end points of the respective traces. In the latter
case, the start points are the same umbilic point. In addition, the curvature
lines may have a large geodesic curvature very close to an umbilic. The local
acute angle rule may not guarantee consistent orientations in such cases, as
noted by [15]. Therefore, to avoid such situations, the scout points must
not be created too close to an umbilic. Tracing ks ridges from umbilics is
identical, since scout points are created in all principal directions.

6.4. Projecting Points onto Surface

At every step, when a motion is performed in either principal direction
in the tangent plane of the surface, it is necessary to project the point onto
the surface. In order to find the point on the surface S(u,v) (and the cor-
responding parameter values) closest to a given point X € R3, a global
approach involves solving the following system of equations.

(Su(u,v), (S(u,v) = X)) = 0
(6.1)
(Su(u,v), (S(u,v) = X)) = 0
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The solution set of this system of equations gives all points on the surface
where the vector from the point X to a point on the surface is in the direction
of the surface normal at that point. The actual closest point is determined
by computing the distances from X to all the solutions and selecting the
nearest one.

The global approach is too slow since the tracing algorithm may involve a
very large number of projection operations. In this paper, a two dimensional
Newton’s method is used to find the closest point on the surface. This tech-
nique is very fast and has been used for interactive applications that require
computing closest points at a very large rate (several hundred times a sec-
ond) [40]. Since the step sizes used in the algorithm are typically very small,
this works well. An alternative method presented in [41] can be used for point
projection. In the event that the Newton’s method fails to give accurate re-
sults, the algorithm reverts to the global method. In our experiments, this
situation did not occur very often. The two dimensional Newton’s method
involves solving the following linear system of equations for variables u and

V.
0((Su,Z))  0((Su,Z))

D ER [u - uo] _ {<Su, Z)}

((5v,2))  8((Sw,Z v — Yo (S, Z)
(5.2)  2(5uz) (6.2)
Z=58-X
The Jacobian matrix can be expanded as,
<Smu Z> + <SU7 Su) <Suv7 Z> + <Su7 Sv>
(Suvy Z) + (Sus Su)  (Swwy Z) + (S S) (6.3)

Symbolic representations of the partial derivatives of the surface are precom-
puted so that they can be evaluated quickly for the projection operations.
The parameter values of the current advance or slide point are used as the
initial point (ug,vg). This system is solved iteratively until the error is small
enough. The error is computed as the residual from the evaluation of Equa-
tion 6.1.

7. Results on Ridge Computation and Discussion

The tracing algorithm has been implemented in the IRIT [42] program-
ming environment. Experiments have been performed on an Intel 2.4GHz
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Figure 8: Ridges on a Bézier patch. ki-ridges are in blue and ko-ridges are in red.

4

Figure 9: Ridges of Bézier patch depicted in parametric space. Black cross-hairs indicate
umbilics.
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processor with 8 GB memory. We first present results for a simple bi-quartic
Bézier patch (See Figures 8 and 9). This surface was selected to allow di-
rect comparison with the results presented in [22] (See Figures 8.4 and 8.5
therein), which are topologically correct at all locations including umbilics.
The results are best compared in parametric space. Figure 9 and Figure 8.4
of [22] are indeed very similar.

We also present ridges traced on complex models from different appli-
cation domains including a human femur bone model and a terrain eleva-
tion map [43]. The surfaces are represented by tensor product bi-quartic
B-Splines. The results are compared with a brute force sampling of the ridge
condition in the parametric domain in Figures 10 and 11. Soft ridges, similar
to the style presented in [23], are computed to present a better visualiza-
tion. However, there is no topology associated with the sampled ridges. The
images showing the sampled x;-ridges are colored with regions varying from
blue fading into yellow. Images of the sampled ko-ridges are colored with
regions varying from red fading into cyan. Darker blue colors in the former,
and brighter red in the latter images correspond to regions closer to x; and
ko ridges respectively.

The sampling approach can falsely indicate the presence (false positives)
or absence (false negatives) of ridges. In Figure 12, the rectangular outline
region shows an example where the presence of a ki-ridge is falsely indicated
on the terrain elevation model. The x; ridge samples indicate the presence of
a ridge. However, a close inspection of the ko ridge samples and the traced
ridges indicate that there is a ko-ridge in that region, which is verified by
the topology of the traced ridges in the surrounding region. False positives
(+ve) occur when the magnitude of the ridge condition is small enough to
pass a threshold used for coloring the samples, but not zero. Figure 12
also shows an example where the sampling approach fails to detect a ko-
ridge (elliptic outline region) of the terrain elevation model, but is accurately
captured using the tracing approach. False negatives(-ve) occur when width
of the ridges is narrower (which can be arbitrarily narrow) than the sampling
fineness. Figure 12.(b) shows that the tracing approach presented in this
paper avoids the problems associated with sampling-based techniques and
accurately captures ridge behavior.

While our algorithm is not designed for non-generic situations, end points
of non-generic ridges that stop within the surface boundary are detected in
our algorithm when the trace cannot detect any ridge during the slide step.
Non-generic ridges of the same type may cross each other. The technique
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presented here does not capture the topology at the junctions of ridges of the
same type. This is an area for future work. Some non-generic ridge segments
may be missed if the algorithm does not find seed points in those segments.
Determining seed points that are neither curvature critical points nor umbil-
ics to account for non-generic ridges is also an area for future work. However,
since the curvature critical points and umbilics represent important feature
points on a surface, the algorithm presented in this paper is guaranteed to
capture salient ridges on a surface.

The constraint solver for computing seed points may give extraneous roots
if too large a tolerance is allowed. These false roots will result in traces that
end within a few steps, which is a non-generic situation. Such ridge traces
are detected and removed.

Computational aspects for the different models on a single CPU are com-
pared in Table 27. The computation times vary depending on the complexity
of the models, not only in terms of representation size, but also in terms of
the features on the surfaces, on the accuracy of the ridge tracing and the
average trace length. We used a ridge_accuracy_threshold of 1072 for all
data sets. The femur and the terrain models are quite complex, and our tech-
nique gives results in a few minutes. In comparison, an ODE based tracing
method took several hours to compute ridges with the same accuracy. Since
traces computed from different seed points are independent of each other, it
is possible to perform them in parallel, which would further reduce compu-
tation time. The sampling method took 10 and 9 seconds for a 200 x 200
grid for the femur and terrain models respectively. However, as mentioned
earlier, the sampled result does not provide accurate locations and topology
of ridge points.

The technique presented in this paper requires C® surface smoothness. It
is desirable to have similar techniques for surfaces with lower order smooth-
ness. We are currently developing techniques to address this problem (See [44]).
This research assumes surface regularity and the presence of only isolated
generic umbilics. Addressing such situations is an area for future work.

8. Geometrically Significant Regions Associated with Ridges

Elliptic ridges (See Section 1.1) are identified in our work as major ridges
and hyperbolic ridges are identified as secondary ridges. This section defines

"Time taken to create surface patches is not included.
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Figure 10: a) Femur bone model, b) Sampled ; ridges (darker blue indicates ridge prox-
imity), ¢) Sampled ko ridges (brighter red indicates ridge proximity), d) Ridges overlaid
on surface (k1 — blue, ko — red), e) Traced k; ridges (black) overlaid on b), f) Traced
ko ridges (black) overlaid on c)

Table 2: Computation Characteristics

Model Control | Curvature | Umbilics Seed Ridge
Mesh Critical Points Tracing
Size Points Time Time
(minutes) | (minutes)
Bézier patch | 5 x 5 23 8 0.08 0.07
(biquartic)
Femur 22 x 21 458 12 7.03 3.68
(biquartic)
Terrain 20 x 20 508 314 7.5 14.96
(biquartic)
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Figure 11: a) Terrain elevation model, b) Sampled x; ridges (darker blue indicates ridge
proximity), ¢) Sampled ko ridges (brighter red indicates ridge proximity), d) Ridges over-
laid on surface (k1 — blue, k2 — red), e) Traced k1 ridges (black) overlaid on b), f) Traced
ko ridges (black) overlaid on c)

(a) k1 ridge samples  (b) Traced k1 and k2 ridges  (c) k2 ridge sa

Figure 12: An example of a false positive in k;-ridge samples (rectangle outline) and a
false negative (ellipse outline) in xo-ridge samples of the terrain elevation model. (a), (b)
and (c) represent enlarged views of k1-ridge samples, traced ridges and ks-ridge samples
of the same region of the terrain elevation model.
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a type of salient region associated with major ridges that indicate geomet-
rically significant regions on surfaces. First, we distinguish different types
of major and secondary ridges. Second, we define the new type of salient
region associated with elliptic ridges. Third, we present generic properties
of boundaries of these salient regions. Fourth, we present a heuristic expla-
nation of the nature of the regions and their relation to the elliptic ridges.
Finally, we present an example of how these salient regions can be used for
analyzing geometric variation.

8.1. Major and Secondary Ridges

Major Ridges. Let k; > ko denote the principal curvatures at a nonum-
bilic point, and let p;, respectively p, denote the principal curves associated
with these curvatures. Then the major ridges associated with major geomet-
ric features of the surface are curves consisting of points at which one of the
following conditions is satisfied:

1. Convex Ridge: k1 > ko > 0 such that x; has a local maximum along
p1 at the point.

2. Saddle (type I) Ridge: k1 > 0 > ko such that k; has a local maximum
along p; at the point.

3. Saddle (type 1I) Ridge: k1 > 0 > ko such that ky has a local minimum
along py at the point.

4. Concave Ridge: 0 > k1 > kg such that ko has a local minimum along
po at the point.

All of these are types of elliptic ridges, with the convex and concave elliptic
ridges occurring in regions of positive Gauss curvature and both types of
saddle elliptic ridges occurring in regions of negative Gauss curvature. Also,
note that the saddle elliptic ridges in the second and third cases can cross
transversally. For example, in Figure 13, the convex and saddle elliptic ridges
of type I are shown in cyan and the concave and saddle elliptic ridges of type
IT are shown in magenta.

Secondary Ridges. Secondary ridges may not correspond to perceptu-
ally obvious geometric features but provide useful insight into variation of
curvature on surfaces. They are defined by one of the following conditions.

1. kK1 > Ko > 0 with x; having a local minimum along p;
2. K1 > 0 > Ky with k1 having a local minimum along p; .
3. kK1 > 0 > Ko with k9 having a local maximum along p-.
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Figure 13: Major and secondary ridges of an object; a) side view, b) top view. Major
ridges of k1 are shown in cyan and those of ko are shown in magenta. Secondary ridges
of k1 are shown in blue and those of k9 are shown in red.

4. 0 > k1 > Ky with ko having a local maximum along ps.

Again in Figure 13, the secondary ridges of x; are shown in blue and those
of k9 are shown in red.

8.2. Salience Boundaries and Salient Regions

Thus far, we have divided the ridges into two distinct classes of major
and secondary ridges; and for the major ridges, these are further divided
into four distinct types which correspond to specific geometric features. We
next further extend this analysis to associate salient regions surrounding the
major ridges.

To define these regions, consider the partial flow along the principal curves
from the major ridge points. At a major ridge point, where x; has a local
maximum that is not a turning point, the corresponding principal curve is
transverse to the ridge. By following the principal curve away from the
ridge point, eventually a point is reached where ; has a local minimum that
is a point on a secondary ki-ridge. Along the curve between these points
there is a point where the function x; changes from concave downward to
concave upward. Since there are no intrinsic coordinates on a surface, this
transition point depends upon the choice of coordinates being used. The
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parameterization of the principal curve can be normalized using the unit
speed parameterization. Then, in these unit speed coordinates along the
principal curve, x; has an inflection point on the curve between the local
maximum and minimum where ¢! H, ¢; = 0. There is another inflection
point reached by flowing along the principal curve from the major ridge
point in the negative direction. We term these inflection points the salience
boundary points of the corresponding major ridge point and we term the flow
along the principal direction from the major ridges to the salience boundary
points the salience flow. Salience boundary points of major ridges of xy are
identified in a similar manner by flowing along principal curves of xs.

The salience boundary for a major ridge then is the collection of salience
boundary points identified from the flow along the corresponding principal
curves from the major ridges. The regions surrounding such a ridge curve and
bounded by the salience boundaries defines salient regions associated to the
major ridges. Following are the types of salience boundaries corresponding
to the type of major ridges:

Types of Salience Boundaries:

1. Convex Salience Boundary : k1 > ko > 0 and k7 has a first inflection
point moving along p; from a convex elliptic ridge point in a direction
of decreasing k.

2. Saddle Salience Boundary (Type I) : k1 > 0 > Ky and k; has a first
inflection point moving along p; from a saddle elliptic ridge point of
type I in a direction of decreasing k.

3. Saddle Salience Boundary (Type II) : k1 > 0 > Ko and Ky has a first
inflection point moving along ps from a saddle elliptic ridge point of
type II in a direction of increasing ro.

4. Concave Salience Boundary : 0 > k1 > Ko and ks has a first inflection
point moving along p, from a concave elliptic ridge point in a direction
of increasing k.

In order to compute salience boundaries and salient regions, principal
curves are traced from each major ridge point on either side of the ridge
using the method presented in [36]. The first inflection point on both sides,
identified as the location where the sign of tI H, t; changes, are marked as
salience boundary points.

Salient regions and salience boundaries associated with major ridges of
a surface are shown in Figure 14. For the convex and type I saddle elliptic
ridges, salient regions are shown in green and for concave and type II saddle
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Figure 14: Salience boundaries and salient regions associated with major ridges. For k1,
major ridges are shown in cyan, principal curve segments in salient regions are shown
in green and inflection points are shown in dark blue. For ks, major ridges are shown
in magenta, principal curve segments in salient regions are shown in yellow and inflection
points are shown in dark red. Also shown is a closeup of a region that indicates a degenerate
inflection point.

Figure 15: a) Salience boundary points and other inflection points on principal curves
traced from a few major ridge points. b) Results superimposed on surface indicating
sampling of ko ridge function. For k1, major ridges are shown in cyan, principal curve
segments in salient regions are shown in green and inflection points are shown in dark blue.
For kg, major ridges are shown in magenta, principal curve segments in salient regions are
shown in yellow and inflection points are shown in dark red.

29



elliptic ridges, the salient regions are shown in yellow. It is possible for
multiple inflection points to exist between a major ridge and a secondary
ridge along a principal curve. In this case, the first inflection points reached
by flowing from the major ridge points are treated as the salience boundary
points. In Figure 15 there are other inflection points that occur on the ko
principal curves between the magenta and red ridges and the number of
such points is consistent with the number of sign changes of tI H,,t, between
major and secondary ridges. Note that there are no additional ridges between
the additional inflection points. This is validated in Figure 15 b) where the
sampled ridge condition for ks is shown. In this image, the intensity of the
red color is higher in the regions closer to a ky ridge.

8.8. Properties of Salience Boundaries

With the exception of turning points on a ridge, the principal curve p;
corresponding to a principal curvature k; for that ridge is transverse to the
corresponding ridge. In a small neighborhood of a non-turning point x,
generically, the principal curvature does not have critical points at inflection
points, so the implicit function theorem implies that the inflection points
form a regular differentiable curve. Generically this curve is transverse to the
corresponding principal curves and is disjoint from the corresponding major
ridge curve except at isolated points. These properties can fail in two distinct
ways at isolated points. Omne is when the inflection point is degenerate,
and then the curve of inflection points meets the corresponding major ridge
(which ends there). The other is when the curve of inflection points is tangent
to the principal curve at a point disjoint from the corresponding major ridge.
We describe both of these situations.

8.3.1. Salience Boundaries at Degenerate Inflection Points

For exceptional non-turning points on a ridge, the inflection point occurs
at a critical point for k; along the principal curve. We explain the behavior
at such points for the case of a convex ridge curve. The behavior of x; will
be modeled by the behavior of the family g(z,u) = —23 + uz. Here z is the
unit speed coordinate along the principal curves, and u parameterizes the
family of principal curves with the degenerate inflection point occurring at
the origin. The graph of g is shown in Figure 16.

The inflection points of g, as a function of x, lie along the u axis as shown
in Figure 17. For fixed u < 0, there are no critical points, and a single
inflection point where x = 0. However, the direction of the salience flow is
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Figure 16: Graph of g illustrating degenerate inflection points
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Figure 17: Decomposition of Salient Region resulting from a Degenerate Inflection Point

determined by the sign of ¢” as shown in Figure 17. On each side the flow is
away from the origin. At u = 0 the inflection point becomes degenerate and
for u > 0 two critical points are created, one a local maximum for g (= k1)
which is a convex ridge point and the other a local minimum for g (= k),
which is a secondary ridge. These occur on each side of 0; and the sign of ¢”
indicates the flow inside the parabola is toward the origin.

Hence, for this model, the positive u axis is one part of the salience
boundary corresponding to the ridge formed from the local maxima with the
other given by the positive x-axis representing the principal curve tangent to
the curve of local maxima at the degenerate point. Then, the salient region
is the shaded region. An example of a degenerate inflection point is shown
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in Figure 14.

8.3.2. Salience Boundaries Tangent to Principal Curves

The second possibility is that the curve of inflection points is tangent to
a principal curve at an isolated point. If we again denote k; by ¢ then this
will happen at points where ¢” = 0 (i.e., an inflection point) and ¢"” = 0
(corresponding to the principal curve being tangent to the curve of inflection
points at that point). Figure 19 b) presents an example of this situation.

8.4. Properties of Salient Regions

Consider a convex elliptic ridge. Suppose the principal curvature r; is
large. A large curvature corresponds to a small radius of curvature. If the
ridge is part of a larger region, then this high curvature can only be main-
tained for a short time along the corresponding principal curve. Hence, the
decrease must be rapid initially which then begins to decrease more gradu-
ally. This is where an inflection point occurs. Hence, the salient region is
concentrated in a small region about the major ridge curve, as illustrated in
Figure 14 at the cyan ridge in the center of the image where the surface is
sharply curving. If instead the curvature is much smaller, then the decrease
can be more gradual so the inflection point occurs much farther along the
principal curve. Then, the salient region is much larger but changes more
gradually. The cyan ridges on either side of the image center of Figure 14
illustrate this behavior. Also, in Figure 15 a) the salience boundaries of ko
are further away from the magenta ridge since the curvature change is more
gradual. An analogy here is with placing an ink pad at a point on a ridge.
The sharper the change in the curvature 1, the smaller the region that would
be marked by the ink. By contrast, if the curvature x; changes more grad-
ually, a much larger region will be marked by the ink. The salient region is
similar to such a marked region.

8.5. Analyzing Geometric Variation using Salient Regions

Salient regions are an effective visualization tool for analyzing higher order
geometric properties of surfaces and can also be used to measure geometric
variation of similar objects. Salient regions are especially useful in distin-
guishing geometric properties of a population of similar objects when ridges
on the surfaces occur at similar locations. Figure 18 shows front and back
views of an object that is slightly asymmetric. The major and secondary
ridges are slightly different on the front and back sides of the model but do
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Figure 18: Visualizing geometric differences using salient regions. a) front view and, b)
back view of a slightly asymmetric object, ¢) and d) major ridges only, e) and f) all ridges,
g) and h) salient regions.
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Figure 19: Visualizing geometric differences using salient regions. a) the major ridge
corresponding to the bump in the surface lies in the center on both asymmetric regions,
other major ridges are slightly different across plane of symmetry, b) salient regions clearly
indicate geometric differences in the asymmetric regions pointed by the arrows. Also shown
is a close up view of a region that contains a point where the salience boundary is tangent
to the principal curve.

not clearly distinguish the differences. In particular, the major ridge run-
ning along the bump of the model is almost identical on both sides. In this
case the salient regions clearly indicate the geometric differences and enable
quantitative evaluation of the differences. The differences are clearly visible
from the top view of the object as shown in Figure 19.

9. Conclusions

Ridges are important feature curves and have a wide variety of appli-
cations. Umbilics and therefore, ridges around umbilics, also represent im-
portant aspects of the shape of a surface. Ridges exhibit complex behavior
around umbilics. This paper presents a new algorithm for numerically tracing
ridges on B-Spline surfaces that has been designed using generic properties of
ridges. In addition, a new type of geometrically salient region corresponding
to major ridges is defined.

The tracing algorithm involves traversing curvature lines in a novel man-
ner and accurately captures the behavior of ridges at all points on a surface
including umbilics. The technique takes into account turning points without
directly computing them, thereby allowing ridge computation on C* models,
instead of requiring C* smoothness. Our technique has been designed for
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rational tensor product B-Spline surface representations. Since ridge compu-
tation is local to a tensor product patch, it is directly extensible for models
with multiple patches. Some special cases, such as ridges parallel to a domain
boundary, may need to be addressed. Trimmed freeform surfaces also may
be addressed by minor modifications to the algorithm. The algorithm de-
sign enables optimization using parallel processing techniques, which would
further improve computation time. The approach can be further extended
to surfaces with isolated irregular points. We plan to pursue these modifi-
cations in future work. The technique presented in this paper avoids errors
in ridge computation associated with sampling-based approaches, while at
the same time, it can generate results for complex models that were previ-
ously computationally intractable. The result is a set of trace segments that
are available for other applications, such as surface segmentation, matching,
quality control and visualization.

We identify elliptic ridges as major ridges with geometric significance.
These ridges supplemented with salient regions are very useful for studying
geometric variation across a population of similar objects. Earlier methods
for computing significance of ridges only account for geometric properties of
surfaces only at the ridge points. The type of salient region presented in this
paper provides a new method of quantifying geometric importance of ridges
that also takes into account salient neighborhoods of ridges. We are currently
investigating several measures based on salient regions to precisely quantify
geometric properties of surfaces at and in the neighborhood of ridges.
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