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INTRODUCTION

Many of the key properties of (complex) isolated complete intersection singular-
ities are encoded in the discriminants of their versal unfoldings. This includes the
Milnor number, monodromy, and deformation properties. An especially important
property of discriminants and bifurcation sets which has important consequences
for their topology is that they are free divisors, e.g. by the work of Arnold [Al],
[A2], Saito [Sa], Looijenga [L], Bruce [Br], Terao [To], etc. Most of these results
establishing freeness for both discriminants and bifurcation sets follow from a more
general result concerning the freeness of discriminants for Ky equivalence, which
captures the equivalence of germs of varieties obtained as nonlinear sections of V
[D5], [D6]. Furthermore, David Mond and this author [DM], [D2], [D5], [Mo] have
shown the fundamental role of freeness for determining the topology of discrimi-
nants of mappings, and more generally nonisolated singularities arising as nonlinear
sections of free divisors.

This is just one example illustrating the importance of understanding proper-
ties of singularities in the relative case where properties of mappings, singularities,
and divisors are determined relative to a subvariety V in source or target. Instead
the equivalence can preserve a fixed hypersurface V' in the source. Then, V can
be viewed as a “boundary”’and the equivalence becomes that for “boundary sin-
gularities” investigated by Siersma [Si], Arnold [A1], [A2], Lyashko [Ly], Bruce and
Giblin [BG1] [BG2], Tari [Tal, etc. A second case concerns equivalence of germs of
mappings, divisors, or subvarieties on a singular variety V', where either the variety
V is fixed (which goes back to Galligo’s work on stability [Ga]) or is also allowed
to vary.

In several special cases, Arnold, Lyashko, and Zakalyukin have shown the freeness
of bifurcation sets of “simple boundary singularities”. Also, results of Goryunov
[Go2] combined with Mond and Van Straten [MVS] established the freeness of the
bifurcation set for functions on space curves in C3. These special results suggest
more general results might be true for equivalences preserving varieties. In this
paper, we shall apply results from parts I and II [D5] and [D6], to identify when
discriminants and bifurcation sets are free for the above types of equivalences for
the case of holomorphic germs and germs of complex analytic varieties V.
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Equivalences for maps C™,0 — CP, 0 relative to variety V0.

Relative Equivalence Groups Bifurcation Sets,
Discriminants
i)  Fixed hypersurface V,0 C C™,0 v, discriminants
equivalence preserving V vA, yRT bifurcation sets
ii)  Fixed hypersurface V,0 C CP,0 Kv discriminants

K—equivalence preserving V'

iii) Fixed complete Intersection KV), discriminants
V,0 € C",0, and equivalence A(V), RT(V) bifurcation sets
for map germs on V'

iv) Varying hypersurface Xg,0 on Kvy, vy discriminants
varying complete intersection
X,0cC™0

v)  Varying hypersurface Xo,0 on Ker,v, discriminants

varying ICIS X,0 c C",0

Table 1: Relative Equivalences and Their Associated Geometric Subgroups

We consider modifications of the equivalences A, K, and R to preserve V, a
nonisolated complete intersection or hypersurface singularity. These will include:
1) the equivalence of functions and mappings preserving a free divisor in the source
(i.e. “boundary singularities”) as i) in Table 1; 2) divisors, functions, or map germs
on an “almost free”complete intersection where both are allowed to vary, as iv)
and v) in Table 1; and 3) complete intersection map germs on fixed free complete
intersections as iii) in Table 1.

These equivalence groups are “geometric subgroups”G of A or K (see [D3] and
[D4, §8]). Hence, germs which have finite codimension for the equivalence G have
G—versal unfoldings (and there is a criteria for G—stability of germs). We shall apply
the general criteria given in part IT [D6] to determine when the discriminants for
G—stable germs or bifurcation sets for G—versal unfoldings are free divisors.

Freeness is explained in Part II by the motto

Cohen—Macaulay of codim 1 + Genericity of Morse Type Singularities

— Freeness of Discriminants

Here “discriminants”are understood in a generalized sense which includes both
discriminants and bifurcation sets (we shall use the term “discriminant” except when
we distinguish “bifurcation sets”for A-type equivalences from discriminants of A-
type stable germs).

We remark that Morse—type singularities are quite different from usual Morse
singularities. They differ for each equivalence group G, and may only be generic
in a restricted dimension range. Morse-type singularities for Ky —equivalence then
play a special role. They contain topological information about V exhibited by
sections of varying dimensions. In addition, despite the considerable differences
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among the Morse-type singularities for various equivalence relations we consider,
we shall classify them in terms of Morse-type singularities for Ky —equivalence.
Consequently, throughout this paper, we shall refer to “Morse—type singularities of
V7, which will always mean for Ky —equivalence.

Second, “Cohen—Macaulay of codim 1”is realized when the geometric subgroup
G is “Cohen—Macaulay”in the sense of Part II. If G is Cohen—-Macaulay, without
the genericity of Morse— type singularities, or G is not Cohen-Macaulay, but has a
“Cohen—-Macaulay Reduction” (CM-reduction) G* in the sense of Part IT, then the
G—discriminant will still have a weaker free* divisor structure defined by the module
of G-liftable, resp. G*—liftable, vector fields. This still allows us to determine the
(vanishing) topology of the discriminant (or bifurcation set).

For Ky —equivalence of germs viewed as sections of a free divisor V', the criterion
for the freeness of Ky —discriminants reduces to the conditions given in part I. We
include Ky —equivalence here because it plays an important role in understanding
the conditions for the other equivalences.

First, in §2 we consider equivalences of germs fy : C* — CP,0 which preserve
a fixed free divisor in the source V,0 C C",0 (denoting the groups v X, v A, and
yvRT). In Theorem 1 we first prove that K is Cohen—Macaulay provided n — p <
hn(V'), the holonomic codimension of V. Hence, the yK—discriminant has a free*
divisor structure defined by the module of y K-liftable vector fields. If in addition,
V,0 generically has Morse—type singularities in dimension n — p, then the K-
discriminant is a free divisor. We prove this by establishing in §6 a natural “dual
correspondence” between Morse-type singularities for Ky and y—equivalences.

We then apply this result to deduce corresponding results for the freeness (or ob-
taining free* divisor structures) for y.A-discriminants for y A-stable germs (Theo-
rem 2) and for R —discriminants for v R —versal unfoldings (Corollary 3). Lastly,
in Theorem 4, we prove the y.A-bifurcation set is a free divisor for germs belonging
to a y.A-distinguished bifurcation class (an analogue of Theorem 3 of part I for
A-bifurcation sets).

These theorems are applied in §2 to all of the “boundary singularities” mentioned
earlier. One unexpected result is that although Arnold and Lyashko showed for sim-
ple boundary singularities of functions that the discriminants for versal unfoldings
are free divisors, this does not hold in general for nonsimple boundary singularities.
Whether it holds depends upon whether the singular boundary V' generically has
Morse—type singularities. Then, if V is a free divisor and generically has Morse—
type singularities in dimension n — p, then freeness of  K—discriminants also holds
for mappings C",0 — CP, 0.

Second, in §3 we consider the relative situation of a divisor X on a (nonisolated)
complete intersection X, where we allow both to vary. The complete intersection
is allowed to deform as an “almost free complete intersection”, which is a nonlinear
section of a free complete intersection (ICIS singularities are the simplest examples).
For this situation,we consider a relative form of Ky —equivalence, denoted Ky, v,
for a nonlinear section fy of a pair V1,0 C V2,0 so (X, Xo) = (f5 ' (Va), fo H(V1)).
When (Vz,V7) is a pair of free complete intersections, we show that Ky, 1, has a
Cohen—Macaulay reduction, deducing that the discriminant for this equivalence is
a free* divisor (Theorem 5), although it need not be free.

An important special case occurs when Vo = CP* so X is an ICIS and V1,0 C
CP1)0 is a free divisor. Provided Vi generically has Morse type singularities, the
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Kcr1 v, —discriminant is a free divisor (Theorem 6). In particular, this yields the
freeness of discriminants for versal unfoldings of pairs which consist of the zero set
of a function germ on an ICIS, or an ICIS together with its intersection with an
almost free divisor such as: nonlinear generic arrangements of isolated hypersurface
singularities, discriminants of finitely determined map germs, etc.

Third, in the second part of §3, we consider the collection of equivalences (V)
A(V) or RT(V) of mappings on a fixed free complete intersection V. This is iii
in Table 1. Now we only obtain general results about when discriminants are free
divisors. We give a CM-reduction for (V) and deduce Theorem 7 that K(V)—
discriminants for versal unfoldings of ICIS germs on V are free* divisors. From
this we deduce free* divisor structures for the discriminants for A(V)-stable germs
(Theorem 8) and RT(V)-versal unfoldings (Corollary 9).

We actually prove these results in a different order, considering the hardest cases
iv) and v) of Table 1 first in §4 and §5. This allows us to outline arguments in later
sections by referring to the methods of these proofs. The case i) of Table 1 will be
covered in §6 and §7, and iii) of Table 1, in §8.

In §9, we conclude by briefly discussing the implications of the results on free
divisors for understanding the discriminants of versal unfoldings. The author would
like to thank the referee for a number of very valuable comments, including raising
some of the questions in §9.

~—

*

1. PRELIMINARIES

Notation and Terminology from Parts I and II. We begin by recalling several
key ideas from parts I and II [D5] and [D6] and [D2] which are central to the results
obtained here. See these references for further details.

G-liftable vector fields and G—discriminants. All of the groups of equivalences G we
consider are geometric subgroups of A or K for the category of holomorphic germs.
For such groups we have the basic theorems of singularity theory such as the finite
determinacy and versality theorems (see [D3]). For such a group there is an action
of G on a space of germs F, where in the examples we consider F = C(n,p) is
the space of holomorphic germs f : C*,0 — CP, 0. There is also a corresponding
action of the group of unfoldings G, (¢q) on the space of unfoldings F,,(q) on ¢
parameters, for all integer ¢ > 0. These actions satisfy four conditions given in
[D3]. For an unfolding F' € F,,(q), we have the orbit map ap : Gun(q) = Fun(q)
and the corresponding infinitesimal orbit map dap : TGyun.e(q) — T Fun.e(q) (for
¢ =0 and a germ fj this is denoted day, : TG — TF.). A germ of a vector field
¢ € 8, is said to be G-liftable if there is a & € TGyn, (q) such that dap (€ + ¢) = 0.
Let Lg(F) denote the Oca p—module of G-liftable vector fields.

The orbit tangent spaces TGy, . - F (resp. TG - fo) are the images of dap (resp.
day,) and the normal spaces NGyp . - F' (resp. NG. - fo) are the cokernels. For
a germ fy of finite G—codimension with unfolding F' on ¢ parameters, NGyn ¢ - F
is a finitely generated Ocq g—module. The G-discriminant is the complex analytic
set Dg(F') = supp(NGun.e - F) (as an Oca p—module). This set could equally well
be thought of as a bifurcation set. However, results from part I show that often
bifurcation sets can be reinterpreted as discriminants so we retain the term “G—
discriminant” understood in this more general sense. A group G is said to have
geometrically defined discriminants if for a G—versal unfolding F', the flow generated
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by a G-liftable vector field ¢ preserves Dg(F). All standard examples have this
property.

Derlog(V') and Ky —equivalence. A basic group on which many others are based is
Ky—equivalence of nonlinear sections fy : C™",0 — CP,0 of a germ of an analytic
set V,0 C CP,0, which captures the ambient equivalence of V5 = f 1(V). The
properties of the nonlinear sections are determined by Derlog(V'), the module of
vector fields ¢ on CP,0 which are tangent to V, i.e. ((I(V)) C I(V) for the ideal
I(V) of germs vanishing on V. The classes of V' whose sections give the analogues of
ICIS are the free divisors (Derlog(V) is a free module of rank p) and free complete
intersections (Derlog(h) is a free module for the defining equation h of V, where
Derlog(h) is the module of vector fields ¢ on CP,0 such that ¢(h) = 0). Evaluating
these modules at a point y € CP gives the logarithmic tangent spaces Tiog(V)(y)
and Tjo4(h)(y)- These can be used in place of T}, S, the tangent space of the stratum
of the canonical Whitney statification of V. The codimensions of the sets off which
TyS = Tiog(V)(y) (resp. Tiog(h)(y)) are denoted by hn(V) (resp. h(V)). We can
consider transversality to V' at y either using T,S (geometric transversality) or
Tiog(V')(y) (algebraic transversality).

We weaken the notion of freeness for divisors by allowing V to be stabilized to
V' =V x C" and replacing Derlog(V’) by a free submodule M of rank p + r which
defines V' with a nonreduced structure. We denote the module M by Derlog™ (V)
and refer to V as being a free* divisor defined by M. This is highly non—unique,
so we seek an M which captures, as well, geometric properties of V.

Cohen—Macaulay properties of groups G. For us, a key algebraic property of G is
its being Cohen—Macaulay, which means: G has geometric defined discriminants,
and for each versal unfolding F' € Fun(q), NGun,e - F' is Cohen-Macaulay as a
Oca p—module, with supp(NGun,e - F') of dimension ¢ — 1.

For a group G with geometrically defined discriminants, a Cohen—Macaulay re-
duction (CM-reduction) is a geometric subgroup G* which is Cohen-Macaulay and
satisfies: f € F has finite G*—codimension iff it has finite G—codimension; and for
an unfolding F' of a finite G—codimension germ,

Supp(Ng;:n,e ' F) = Supp(Ngun,e : F)

This support is the G—discriminant of F, denoted Dg(F'). In all of the examples
we consider, if G* is the CM-reduction of G, then we shall let Derlog™(Dg(F')) Lef
Lg+(F), the module of G*—liftable vector fields. For example, if V' is a free divisor,
Ky is Cohen—Macaulay (by results of part I); while if V' is a free complete inter-
section Ky is not in general Cohen—Macaulay but it does have the CM-reduction
[D6, Theorem 4] K3, which consists of diffeomorphisms in Ky whose restrictions
to V' x C™ equal restrictions of elements of K}, (diffeomorphisms which preserve the
level sets of the defining equation h for V' (see [D6, §6]).

To apply the main theorems of part II, we provide a criterion for genericity of
G-liftable vector fields resulting from genericity of Morse—type singularities.

Morse—type singularities for Ky —equivalence. Given an analytic germ V,0 C CP, a
map germ g : C*, 0 — CP,0 is a Morse—type singularity in dimension n for Ky —
equivalence if g has Ky .—codim = 1 and is Ky —equivalent to a germ fj such that for
a common choice of local coordinates both fy and V are weighted homogeneous.
By part I [D5] or Lemma 7.3 of part II [D6], a Morse-type singularity can be
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put into normal form via Iy —equivalence. We may assume V,0 = C" x V4,0
for V5,0 C (CPI,O7 and with respect to coordinates for which Vj,0 is weighted
homogeneous, fo has the local normal form

n

(1.1) folwr,. oy mn) = (0,...,0,21,. .., oy 1, »_ a3)

Jj=p’
with a Ky —versal unfolding
(12) F(z,u):(fo(:c)+((),...,(),u),u)
The sign of weight wt(y,) >, <, or = 0 is called the exceptional weight type; and

0
(by Lemma 4.10 of part I or Lemma 7.8 of part II) Crw is Kyliftable.
u

The notion of Morse-type singularity extends to y € V using Ky, ,)—equivalence.
Then, V is said to generically have Morse—type singularities in dimension n if: all
points on the canonical Whitney stata of V' of codimension < n+1 have Morse—type
singularities of nonzero exceptional weight type; and any stratum of codimension
> n + 1 lies in the closure of a stratum of codimension = n + 1.

Genericity of G*-liftable vector fields. For a general equivalence G, it is more
difficult to describe the analogues of Morse—type singularities and deduce their
genericity. This can effectively be done for G*, a CM-reduction of G through the
notion of G generically having G*-liftable vector fields. This means that for a G—
versal unfolding F' on ¢ parameters, there is a Zariski open subset Z of Dg(F)req
having nonempty intersection with all irreducible components so that at points
u€ Z: (1) h-04 C Lg«(F) as sheaves on Z and (2) Tiog« (Dg (F) ) = TuDg(F)regy-

For V,0 C CP,0 the group Ky acts on C(n,p) for n and p fixed. For y € V
in a neighborhood of 0, we have a local form Ky, for Ky—equivalence of germs
with target y. We consider G a geometric subgroup of Ky which we suppose has
analogous local forms. Then, we can apply the following criterion to verify that G
generically has G*-liftable vector fields.

(1.3) Criterion for genericity of G*—liftable vector fields:

(1) There is a local form of G*~equivalence at each y, and the module of G*—
liftable vector fields restricts to the module of locally liftable vector fields
for the local G*—equivalence for all y in a neighborhood of 0.

(2) V generically has Morse—type singularities in dimension n.

(3) There is a Zariski open subset U of jets algebraically transverse to V' and
have G¥—codim 0 for the local form of G*-equivalence at the target point y.

(4) There is a Zariski open subset W of the set of jets not algebraically trans-
verse to V such that for each point y in a stratum of V' of codimension
< n+1, W is dense in the fiber over y and : i) any z € W is the jet of a
Morse—type singularity; ii) it has G*—codim 1 and is G*—equivalent to the

local normal form (1.1) and L is G*-liftable for the versal unfolding F
u

in (1.2).

Proposition 1.1. If G is a geometric subgroup of Ky with CM-reduction G* which
satisfies the criterion (1.8), then G generically has G*liftable vector fields.
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Proof. Let F' be a G*—versal unfolding of fo. As G C Ky, F is also a Ky—versal
unfolding. Any irreducible component of Dg(F') = Dg-(F') contains a Zariski open
subset, of parameter values u such that F(z,u) misses strata of V of codimension
> n + 1 (as this is true for a Ky—versal unfolding by (2) of (1.3) and the results
of Part I). Again arguing as in Part I and using (3), we may perturb fy so it only
has a single Morse—-type singularity. A further perturbation will ensure that its jet
belongs to W for that y. Hence, by (4), the single Morse-type singularity is G*—

equivalent to the local normal form (1.1) and U is G*-liftable for the unfolding
U
F in (1.2).
Thus, the regular parts of the irreducible components contain nonempty Zariski
open subsets consisting of a single Morse—type singularity which has G}—codim 1

for the local G*—equivalence and locally for the normal coordinate w, ua— is G*—
u

liftable. Thus, the discriminant for the local G*—equivalence near such a y is a
smooth hypersurface contained in Dg-(F) and hence agrees with it near y. This
implies (2) of the definition for genericity of G*-liftable vector fields as all of the

0
tangent vector fields are locally G*liftable near y. Together with u— being G*—
u

liftable, this implies that locally all of h - ©,,) is G*-liftable (with h the defining
equation for Dg(F)). Finally, using (1) of (1.3), we conclude property (1) for the
genericity of G*-liftable vector fields. ]

2. DISCRIMINANTS FOR EQUIVALENCES PRESERVING FREE DIVISORS IN SOURCE

Let V,0 C C™,0 be a germ of a free divisor. We consider the equivalences of map
germs fo : C*,0 — C™,0 preserving V in the source: vA, vK, or yRT (if m = 1),
as given in Table 1 (as already mentioned, these are geometric subgroups of A or
K).

First, consider K equivalence. The yK—discriminant for a versal unfolding
F(z,u) = (Fy(z),u) of fois given by

Dyk(F) = {ueC?: X, = f,;(0) is not smooth or

u

X, is not algebraically transverse to V'}

The first theorem expresses conditions that D, (F) is a free divisor in terms of the
dimension n — m and V generically having Morse—type singularities in dimension
n—m.

Theorem 1. Suppose that V is a free divisor and that fo : C*,0 — C™,0 ,n > m,
has finite v IC—codimension with versal unfolding F. If n —m < hn(V'), then v K is
Cohen—Macaulay so the discriminant D, (F) is a free* divisor defined by

Derlog™ (D, x(F)) = module of vK-liftable vector fields.

If moreover V generically has Morse—type singularities in dimension n —m then
D, (F) is a free divisor.

Next, we can apply the preceding to discriminants of y .A-stable germs using the
relation between y K—versal unfoldings and .A-stable germs analogous to that for
K and A due to Mather [M-IV] or Martinet [Mar|. If fo: C",0 — C™,0 is a stable

germ for v A-equivalence, then F(z,y) = (F(z,y),y), with F(z,y) = f(z) —y is
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a yK-versal unfolding of fo and the projection m : F~(0),0 — C™+9,0 can be
identified with f (see Lemma 7.3).
The v A-discriminant of a germ fy : C™* — C™ is defined to be

Dyalfo) = {y € C™: there is 2 € f~1(y) with dfo(2)(Tiog (V) £ T,C™}
A condition for freeness of D, 4(fo) for stable fy takes the following form.

Theorem 2. Suppose that V,0 C C™,0 is a free divisor and that fy : C",0 — C™,0,
n > m, is v A-stable. Provided n —m < hn(V), the v A-discriminant D, o(F) is
a free* divisor defined by

Derlog™ (D, a(fo)) = module of v A-liftable vector fields for fo

If moreover V' generically has Morse—type singularities in dimension n — m, then
the v A-discriminant is a free divisor.

Third, we obtain results for RT—equivalence. A versal unfolding F(z,u) =
(Fu(x),u) : C"9,0 — CPT9,0 of a germ fo under yR*—equivalence is also versal
for y A-equivalence. For R™, the discriminant of F' viewed as a map germ is

{(y,u) € C**: F!(y) is not smooth or is not algebraically transverse to V'}

Then, for R *—equivalence, there is the following.

Corollary 3. Suppose that V' is a free divisor which generically has Morse—type
singularities in dimension n—1. Let fo : C*,0 — C,0 have finite v R —codimension
with versal unfolding F. If n — 1 < hn(V), then the v R —discriminant of the map
germ F' is a free divisor defined by the module of v A-liftable vector fields.

For fy of finite yy A—codimension, we may also consider the y A-bifurcation set
of an y A-versal unfolding F' of fy. We ask when the results on the freeness of
bifurcation sets for hypersurface germs in [Br] and [To] and more general map
germs in [D5] extend to y.A-equivalence. The bifurcation set is defined by

B,a(f) ={ueC9: F, is not yA-stable}.
We need the analogue of a distinguished bifurcation class in [D5, Def.6.1].

Definition 2.1. For a free divisor V,0 C C",0, map germs fy : C*,0 — CP,0
belong to a y.A-distinguished bifurcation class if : they belong to the distinguished
bifurcation class in the sense of (6.1) of [D5]; and, in addition, for all x € V in a
neighborhood of 0, with y K—equivalence for germs at x denoted by (v,,)K

(1) all (y,z)K-classes of extended codimension > p + 1 lie in the closure of
(v,z)K—classes of extended codimension p + 1;

(2) all (v,5)K-classes of extended codimension < p+1 contain germs of () Ac—
codimension 1.

(3) all (y,5)K-classes of extended codimension < p+1 are (y,,)K-simple germs.

Theorem 4. Suppose that V is a free divisor which generically has Morse—type
singularities in dimension n — p, with n —p < hn(V). Suppose fo : C*,0 — CP,0
belongs to the v A—distinguished bifurcation class and has finite v A—codimension.
Then, for the versal unfolding F of fo, the bifurcation set B, A(F) is a free divisor
with

Derlog(B, A(F)) = module of v A-liftable vector fields.

The proofs of these theorems will be given in §6 and §7.
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Example 2.2. Let V,0 C C2,0 be the free divisor defined by yz? — 3> = 0. We
consider the projection map fo(z,y) = « under yK—equivalence. The yK-versal
unfolding is given by f(z,u1,us2) = (x + u1y + ua, u1,u2) and the yK—-discriminant
is the us—axis. However, us is a modulus which reflects the cross ratio of the three

0
lines f; 1(0) together with the y—axis; hence the vector field e is not  K-liftable
U2

0
(although u, e is). Thus, the module of  K-liftable vector fields does not define
U2

D,k (f) as a free divisor, but rather only a free* divisor. This is the counterpart
of the example for nonlinear sections of free divisors given in Part I (at the end of

§9 in [D5)).

We consider the consequences of Theorems 1-4 to the various examples mentioned
earlier.

Discriminants for Equivalence of ICIS Preserving a Singular Divisor in
the Source. We consider consequences for equivalences of germs of holomorphic
functions preserving a free divisor in the source V,0 C C",0 .

(2.83) Germs on Manifolds with Boundaries and Corners

Let V = A, x C" %, where A;, C C* denotes the Boolean arrangement consisting
of the coordinate hyperplanes. The corresponding real version of V is a general
boundary or corner. The important special property of Boolean arrangements,
and hence such V', is that they generically have Morse-type singularities in all
dimensions and are holonomic so hn(V)(= hn(Ay)) = oo (see [D5, Lemma 7.7].
Hence, the preceding results apply to them without restriction.

We draw the following conclusions for germs fy : C™*,0 — CP, 0.

(1) If fo has finite y K—codimension with v —versal unfolding F', then by The-
orem 1 the yK—discriminant of F is a free divisor.

(2) Moreover, if fo is y.A-stable then by Theorem 2, the y . A-discriminant of
fo is a free divisor.

(3) Hence, for holomorphic germs fp : C*,0 — C, 0 on manifolds with bound-
aries and corners, considered by Siersma [Si], Arnold [A2], Lyashko [Ly],
and Goryunov [Go2] (for C?), the K or R*—discriminants of the appro-
priate versal unfoldings are free divisors.

(4) Also, finite y.A—codimension germs fy : C*,0 — C,0 belong to the A
distinguished bifurcation class of Def. 2.1 (both conditions ii) and iii) are
immediate and i) can be easily checked using methods of [D5, §4]). Thus,
by Theorem 4, the y.A-bifurcation sets are free divisors.

(5) Lastly, for holomorphic germs of “projection mappings ”of manifolds with
boundaries and corners fy : C*,0 — C2,0 (considered in the real case by
by Bruce-Giblin [BG1] for n = 2 and Tari [Ta] for n = 3), both the K-
discriminants of versal unfoldings and the y.A—discriminants of . A-stable
projections are free divisors.

(2.4) Germs on Manifolds with Singular Boundaries

Next, suppose we allow more general “singular boundaries”, which are free divi-
sors V,0 C C™,0. There are still a number of important cases where V' generically
has Morse—type singularities. Two such cases are: 1) V,0 is a discriminant of a sta-
ble germ V = D(F'), where F is the versal unfolding of a germ in the distinguished
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bifurcation class defined in [D5, Def. 6.1]; and 2) V = Cy x C"~2 is a higher order
cusp hypersurface for C, C C2? a higher order cusp defined by x? — x5 = 0.

We consider a finite yyK—codimension germ fy : C*,0 — CP,0 for n > p, with
vK—versal unfolding F. If V.= D(F) we suppose n —p < hn(D(F)), while for
V' a higher order cusp hypersurface hn(V) = oo so there is no other condition
on n — p. Then, again by Theorem 1 the yK-discriminant of F' is a free divisor.
Also, if fy is v A-stable then by Theorem 2, the . A-discriminant of fy is a free
divisor. In the special case of function germs fy : C*,0 — C, 0, we deduce that the
v R+t -discriminant of F is a free divisor.

These results apply to both function germs fy : C*,0 — C, 0 for singular bound-
aries V' which are the discriminants of stable Ay, singularities considered by Arnold
[A1l] (now Ay refers to the Morin singularities not the Boolean arrangements),
and to function germs fy : C2,0 — C,0 with V a (higher order) cusp singularity
considered by Lyashko [Ly]. The yK—discriminants or y.A-discriminants of versal
unfoldings of such germs are free divisors.

However, the freeness fails as soon as we consider functions when the singular
boundary V no longer generically has Morse-type singularities. This already occurs
for V.= C x C* for C,0 C C? an isolated curve singularity other than an A; or
higher cusp Aj singularity.

(2.5) Germs on Manifolds with General Free Boundaries

Third, we consider the equivalence of germs fy : C*,0 — CP,0, n > p, preserving
a singular boundary V,0 C C", where V is a free divisor, but without assuming
genericity of Morse—type singularities in dimension n — p. Examples include: an
arbitrary free arrangement of hyperplanes, a discriminant of a stable germ outside
the distinguished bifurcation class in §6 of Part I, bifurcation sets, etc. Provided
n—p < hn(V), then applying Theorems 1-3, we can still conclude that a y—versal
unfolding of fy still has yK—discriminant which is a free* divisor (with a similar
conclusion for yR*T—equivalence if p = 1). Also, the y.A-discriminant will be a
free® divisor if fy is . A-stable. We demonstrated in example 2.2 that the more
limited conclusion is unavoidable.

3. DISCRIMINANTS OF MAPPINGS AND DIVISORS ON COMPLETE INTERSECTIONS

The second situation we consider concerns a divisor or mapping on a complete
intersection, where we allow the complete intersection to be fixed or vary. Unlike the
previous section, the equivalence will only capture the properties on the complete
intersection, ignoring behavior off of it.

We first consider the case of a divisor on a complete intersection, where both
vary. An important special case concerns a divisor which is the intersection of an
almost free divisor with an ICIS. Third, we describe analogous results for a mapping
on a fixed free complete intersection V.

Relative Complete Intersections. For the relative case of a divisor on a com-
plete intersection we allow both to vary. We consider a pair V7,0 C V5,0 C CP,0,
of germs of subvarieties, which we denote by (Va2, V7). We define the equivalence
of such pairs via Ky, v, —equivalence, which is the analogue of Ky —equivalence. It
is the subgroup of K consisting of germs of diffeomorphisms of C* x CP,0 which
perserve each of the C" x V;, i = 1,2 (see [D1] for precise definition). Just as
Ky —equivalence captures the equivalence of the germs of varieties f; 1(V), S0 too
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the equivalence Ky, v, captures the equivalence of the pair of germs of varieties
(fo ' (V2), fo1(V1)). By the same arguments for Ky [D1], Ky,.1; is a geometric
subgroup of A or K , so the basic theorems of singularity theory apply to it.

Remark 3.1. If the V; form a pair of increasing linear subspaces CP* C CP? then
Ky, v, —equivalence is the equivalence of contact to a pair of flags as in [K], [Z]], and
[Z12]. This is also a type of ladder of mappings as in [D4, §8]

Definition 3.2. The pair V1,0 C V5,0 C CP,0, will be called a free complete
intersection pair if Vo = CP* x Wy and V3 = Wy x Wy, where W1,0 C CP1,0 is a
free divisor and W5,0 C CP2,0 is a free complete intersection.

We then consider pairs obtained as pullbacks by a section fy : C™*,0 — CP,0 of
a free complete intersection pair (Va, Vi), where we require fy to be algebraically
transverse off 0 to both V7 and Vh. If we represent fo = (fo1, fo2) under the
decomposition C? = CP* x CP2, then fy algebraically transverse to Vo implies foo
is algebraically transverse to Ws; and similarly f, algebraically transverse to V;
implies fo; is algebraically transverse to Wj. Then, X = f; ' (Vo) = fot (Wa) is
an “almost free complete intersection”, and likewise, fo_ll (W7) is an almost free
divisor. In addition, fo being algebraically transverse to V7 off 0 implies that
Xo = f5 ' (V1) is the transverse intersection off 0 of f3;'(Wy) with X (see [D2, §7]).
The intersection is again an almost free complete intersection.

For a versal unfolding F(z,u) = (Fy,(z),u) of fo, the Ky, v, —discriminant can
be described geometrically as follows.

Dy, v, (F) = {u € C?: F, fails to be (algebraically) transverse to either V7 or V; }

A special case will be the free complete intersection pair V3 € CPt C CP. A
section fy transverse off 0 yields a pair Xg C X C C", where X, 0 is an ICIS, and
Xy is the intersection of an almost free divisor with X. The K¢r1 v, —discriminant
of a versal unfolding f consists of parameter values u where either X, = f,5(0) is
not smooth or f,1|X : X — CP* is not (algebraically) transverse to V;.

To investigate the properties of the Ky, y,—discriminant for a pair (Va, V1), we
introduce the subgroup

* . *
ICV2 V1 - ’CV2 V1 N ’CVQ

where the group Ky, is the CM-reduction of Ky, (recall §1 and see Part II, [D6,
§6]). We shall see in §4 that this is again a geometric subgroup of A or K.

Theorem 5. For the free complete intersection pair (Vao, V1), suppose n < hn(V1),
h(Vz). Then, for nonlinear sections fo : C*,0 — CP,0, K3, v, is a Cohen—Macaulay
reduction for Ky, v,. Hence, for a Ky, v, —versal unfolding F' of fo, the Ky, v, -
discriminant Dy, v, (F') is a free* divisor defined by

Derlog™(Dv,,v, (F)) = module of Ky, v, liftable vector fields.

In the special case of a pair (CP*, V), where V; generically has Morse—type sin-
gularities in appropriate dimensions, this free* structure is reduced and Dy, v, (F)
is a free divisor.

Theorem 6. Consider a complete intersection pair V1,0 C CPr 0 C CP,0, so
V1,0 C CP1,0 a free divisor. Let p = p1 + p2. Suppose fo : C™*,0 — CP,0 is a non-
linear section transverse to (CP*, Vi) off 0 with n > pa, so that X = fy *(CP1) is an
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ICIS of dimension n — pa > 0. Provided Vi generically has Morse—type singular-
ities in dimension dim (X) and dim (X) < hn(V7), then the Keri v, —discriminant
Dcry v, (F) of the versal unfolding F of fo is a free divisor. Moreover,

Derlog(Dcr1 v, (F)) = module of K¢, v, ~liftable vector fields.
Remark . As used in Theorem 2, hn(V;) refers instead to codimension in CP!.

The proofs of these theorems will be given in §4 and §5.

Applications to Relative Complete Intersections. We consider (X, Xg), which
consist of an ICIS X,0 C C™, 0 of codimension py and X, which is the intersection,

transverse off 0, of X and an almost free divisor V{,0 obtained by pullback of the

free divisor V7,0 C CP* 0. The versal unfolding allows both the almost free divisor

Vi and the isolated complete intersection X to vary with the parameters u, and the

equivalence captures the ambient equivalence of the pair Xo, = V{, N X, C X,.

The relative discriminant Dce: v, (F') of the versal unfolding F' consists of parame-

ter values u where either X, is not smooth, or X, is smooth but not transverse to

Vi, i.e. the restriction g,|X,, is not transverse to V;.

(3.3) Isolated Hypersurface Singularities on ICIS

We consider gp : X,0 — C,0 which has an isolated singularity so that Xy, =
X Ng~%(0) is again an ICIS. Then, K¢, roy—equivalence for (go, fo) is equivalent to
considering the K—equivalence of go| X, where both X and go are allowed to vary.
In this case, V4 = {0} C C, so the genericity of Morse-type singularities trivially
holds. Morse—type singularities consist of go|X, zg where (X, () is a smooth germ
and ¢o|X has a standard Morse singularity at xg. Now the relative discriminant
corresponds to the discriminant for the versal deformation of go|X. The geomet-
ric description just given of the discriminant for a versal unfolding F = (G, Fy)
becomes: either the fiber X, is not smooth or it is smooth but G(-,u)|X, has a
singularity. By Theorem 6, we conclude the discriminant of the versal unfolding is
a free divisor.

We mention that the recent results of Goryunov [Go2|, and Mond—Van Straten
[MVS] deduce the freeness of the discriminant for functions on space curves (in
C3) from a “u = 7result. For complete intersection curves in C", we obtain the
freeness from Theorem 6 but for K—equivalence of the function on the deforming
curve. The Mond—Van Straten “u = 7”result suggests that this should be the same
as R—equivalence of the function on the deforming curve.

(3.4) Generic Hyperplane Arrangements on an ICIS

Second, we consider the Boolean hyperplane arrangement A, C C?, which con-
sists of the coordinate hyperplanes of C? and satisfies hn(A4,) = co. For a linear
embedding germ go : C",0 — CP,0 which is transverse to (the strata of ) A, off 0,
A=g, 1(Ap) is a generic arrangement of hyperplanes. Suppose A is transverse to
the ICIC X off 0. The versal deformation of A’ = AN X, allowing both gy and X
to deform, has discriminant the Kcr 4,—discriminant. By Theorem 6, this is always
a free divisor.

(3.5) Generic Arrangement of Isolated Hypersurface Singularities on ICIS
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More generally we can replace the linear embedding in 2) by any germ go :
C™,0 — CP,0 which is transverse to A, off 0, V' = go_l(Ap) is now a generic
nonlinear arrangement of hypersurfaces with isolated singularities at 0. For a de-
formation g, of gg and X, of X, a stable point corresponds to a pair X,, 4, where
X, is smooth and A, = g;l(Ap) N X, is a normal crossing divisor on X,,. The dis-
criminant corresponds to values u where this fails. If V' is algebraically transverse
to X off 0, then again the versal deformation of Xy = V'N X, allowing both g¢ and
X to deform, has discriminant the Ccs, 4,~discriminant which again by Theorem 6
is always a free divisor.

(3.6) Almost Free Hypersurface Arrangements on ICLS

Suppose in either (3.4) or (3.5), we replace the Boolean arrangement A, by any
other free hyperplane arrangement A. Then, hn(A) = oo, although A does not
generically have Morse-type singularities. We may still conclude by Theorem 1
that the Kcr, g4—discriminant is a free® divisor.

(3.7) ICIS Intersecting a Discriminant

Suppose instead that we consider the composition of mappings
(3.1) cmo —L cno Lo cro
where m > n > p, f1 is a finite A—codimension germ with discriminant D(f;), and
fo defines an ICIS X. We consider the behavior of the pair Xo = D(f1)NX C X
where we allow both f; and fy to vary.

If F, : C™',0 — C™,0 denotes the stable unfolding of f1, then f; is induced by
pull-back by a germ g; : C*,0 — C",0 and D(f;) = g7 *(D(F})). Then, the versal
deformation of Xy C X allowing both f; and fy to vary has discriminant which
is the Kcnr p(p,)—discriminant. By Theorem 5, provided n —p < hn(D(F1)), this
discriminant is a free* divisor. The value of hn(D(F})) is given by the results in §6
of part I for various classes of germs F.

Moreover, Theorem 6 also implies that when f; belongs to the “distinguished
bifurcation class”in Part I, §6, then the K¢/ DY Fl)fdiscriminant is a free divisor.

Mappings on Fixed Free Complete Intersections. Next, suppose V, 0 is fixed,
and consider map germs on V. We suppose V,0 C C™,0 is a free complete intersec-
tion with good defining equation h. We consider germs fo|V : V,0 — C™,0 where
fo : C*,0 — C™,0 defines an ICIS, under A(V), K(V), or R*(V)-equivalence
(where m = 1 for R*(V)) as in Table 1.

For K(V)-equivalence, the I(V')—discriminant for a versal unfolding f(z,u) =
(fu(x),u) of fo can be described geometrically as follows. We let X, = f,;71(0).

Dyvy(F) = {u € C?: thereis an 2 € V so either X, is not smooth at x

or is not algebraically transverse to V' at x}

To deduce properties of the K(V)-discriminant, we introduce the subgroup
K(V)* for which the diffecomorphisms in the source are restrictions to V' of dif-
feomorphisms which preserve the fibers of h.

Theorem 7. Suppose that V is a free complete intersection and that fo : C™*,0 —
C™,0 ,n > m, has finite K(V)—codimension with versal unfolding F. If n —m <
WV, then K(V)* is a Cohen—-Macaulay reduction of K(V'), so the discriminant
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Dyc(vy(F) is a free* divisor defined by
Derlog™ (Divy(F)) = module of (V)" liftable vector fields.

Remark . Even if V generically has Morse—type singularities, we cannot improve
the conclusion of the theorem because even for Morse-type singularities the ap-
propriate vector fields are not, in general, K(V)*—liftable. We encountered this
problem in part IT for Ky when V' is a free complete intersection (recall [D6, Prop.
8.1]. Now the problem persists even for V a free divisor.

As a result of the theorem, we obtain a result for A(V )—equivalence, using the
relation between KC(V)—versal unfoldings and A(V)—stable germs (analogous to that
for K and A due to Mather and Martinet as described earlier). Hence, an analogue
of Theorem 3 carries over to the A(V)-discriminant of an A(V)-stable map germs.
The A(V)-discriminant of a germ fy : C*,0 — C™, 0 is defined to be

Dyovy(fo) = {ye€C™:thereisanxc fo H(y) NV such that

dfo(x)(z—‘log(v)(z)) # Ty(cm}
Theorem 8. Suppose that V,0 C C",0 is a free complete intersection and that
fo:C"0— C™0, n>m, is A(V)-stable. Provided n —m < h(V), the A(V)-
discriminant D 4(v)(fo) is a free* divisor defined by
Derlog™ (D 4(v)(fo)) = module of K(V)*-liftable vector fields

There is a corresponding result for R (V) equivalence for germs fo : C*,0 —
C,0. The versal unfolding F(z,u) = (F,(r),u) : C"7 0 — C'*2 0 of a germ
fo under R*(V)-equivalence is also versal for A(V)-equivalence. For R*(V), the
discriminant of F' viewed as a map germ is

(3.2) {(y,u) € C*7: thereis an x € V, such that at z either F!(y)
is not smooth or it is not transverse to V'}
Thus, we obtain as a corollary.

Corollary 9. Suppose that V is a free complete intersection. Let fo: C",0 — C,0
have finite R* (V)—codimension with versal unfolding F. If n—1 < (V') , then the
RT(V)—discriminant of the map germ F is a free* divisor defined by the module of
K(V)*~liftable vector fields.

The proofs of Theorems 7 and 8 and Corollary 9 will be given in §8.

In the absence of genericity of Morse type singularities, the module of K(V')—
liftable vector fields does not define a free divisor structure on the (V' )—discriminant.

Example 3.3. We reconsider Example 2.2, except for K(V)-equivalence. For
K(V)—equivalence, we have the same versal unfolding f(z,u1,us) = (x + w1y +

Ug, U1, uz) with I(V)—discriminant the us—axis. Again, the vector field o is not
U2

0
K(V)-liftable, although u; — is.
8u2

(88) Functions on Discriminants
As in (3.7), except we can alternatively consider the restriction fo|D(f1) under
K(D(f1))-equivalence where f; is a stable germ and we only allow fy to vary.

Provided n — p < hn(D(f1)), then the (D(f1))-discriminants of the C(D(f1))-
versal unfolding of fj is a free* divisor.
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Remark 3.4. For several examples with V' a free divisor, the K(V')-discriminant
is actually a free divisor. This raises the question of whether simple conditions will
actually ensure that NIC(V )y - F' is a Cohen-Macaulay Ocq o—module. Then,
provided V,0 generically has Morse—type singularities in dimension n, we would
have the genericity of K(V)-liftable vector fields, yielding the freeness of K(V)—
discriminants.

4. CM-REDUCTION FOR Ky, v, "EQUIVALENCE

In this section we prove Theorem 5 by showing that the relative Ky, v, —equivalence
for pairs has a CM-reduction Ky, ;. The arguments share similarities to those
given for Ky —equivalence in §6 of Part II, so in places we merely outline certain
steps.

To define the associated extended tangent spaces to Ky, y, and its unfolding
group Kv, v, un, we define analogously to Derlog(V)

Derlog(V2, Vi) = {¢C€6,:¢(I(V;)) Cc I(V;),i=1,2}.
Then, Derlog(Va2, V1) = Derlog(Vi) N Derlog(V2) is a finitely generated Ogce o—
module and the associated sheaf is also coherent. Let {(1,...,(-} be a set of
generators. Then, the extended tangent spaces are given by
0 0
TKvyviefo = Ocnyo f fo Giofo,--Grofo}

axl gesey a—xn,
and for an unfolding F(z,u) = (F(z,u),u),
OF

oF _ _
TICVQ,Vl,un,e -F = OC"*’?,O{a—m? ey 877<1 o F7 .. 'JCT OF}

We let (V2,V]) denote a free complete intersection pair as in Definition 3.2 so
Vo = CPr x Wy, and Vi3 = Wy x Wy for a free complete intersection Ws and free
divisor W;. Let Hy : CP2,0 — C*, 0 denote the free defining equation for Wy, and
let p = p1+po. If {Q(j)} is a set of generators for Derlog(W;), and Hy = (h1, ..., hg)
defines Wy, then applying [D6, Prop. 5.6] we obtain

0
dys)

wherei=1,...,p1,j=1,...,r,=1,....k,and m=1,...,p;.
We then define the group

(4.1) Derlog(Va, V1) = OCP,O{<§1);<§2);hg )

* _ *
’CVQ,Vl - ICV27V1 N ICVQ

Here Ky, is the subgroup of Ky, consisting of germs of diffeomorphisms of C? xC", 0
which restricted to Vo x C™ are the restrictions of diffeomorphisms preserving the
fibers of H o for 7 the projection onto C? (see [D6, §6]). Ky, v, can be seen to
be a geometric subgroup of A or K.

To compute the extended tangent spaces, we let {¢1,...,{,—x} denote {Cil), ey
Cﬁ), §2), cey Cz(vz) % }> which is the union of the sets of generators of Derlog(W;) and
Derlog(Hs). Then, we obtain for fy the extended tangent spaces

9fo

. P
(4‘2) TICV2,V1,e'fO = OC",O{a—;]:?a" '7877<10f07" '7<p—kof0}+l(‘/2)'9(f0)
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and
(4.3) ) )

OF oF _ _ _
TKik/z,Vl,un,e'F = OC"*’;,O{a—Ilw"aaTaClOF7"'=CP—7€OF}+I(‘/2)'9(F)

We denote the sheaves of Ogn+q o-modules associated to each of the normal spaces
by NKv;, vi un.e - F and NIC{}thun& - F.

Proposition 4.1. For the free complete intersection pair (Vo, V1):
(1) If n < W(V2), then, fo : C™*,0 — CP,0 has finite Ky, v, —codimension iff it
has finite K3, v, —codimension.
(2) For an unfolding F of fo,

(44) SUPP(N’CV%thmB ’ F) = supp(NK:?@,thn,e ’ F)

Proof of proposition 4.1. First, fo having finite Ky, v, ~codimension is equivalent to
supp(NKv; vi e - fo) = {0}. An analogous result holds for Ky, 1, . Thus, 1) follows
from 2) applied to fy as an unfolding on 0 parameters.
Since
T’C\k/l,\/2,un,e C TICV11V27un78
there is the inclusion C in (4.4). For the reverse inclusion, we verify that both sets
are defined by the failure of geometric transversality to the pair.

For example, consider supp(N'Ky, v, .o - F). Because of the sheaf inclusion

I(‘/Q) : G(F) C T’C*X}Q,Vl,un,e - F

a point (x,u) € supp(NKy, - F') implies F(z,u) € Vo = CP* x Wa.

- Vi,un,e
If F(z,u) =y € Va, then (z,u) ¢ supp(NKy, v, un. - F) is equivalent to
(4.5) Tlog(Wl)(y) =+ Tlog(Hg)(y) + DF(CL‘7 u) (TI(Cn) = Ty(Cp
However, the assumption n < h(V2) implies (see [D2, §2]) that
(46) CZ—‘logl—IQ(x) = T‘logWQ(I) = TmS2

where Sy denotes the canonical Whitney stratum of Wy with F(x,u) € CP* x Ss.
Then, using (4.6), we see (4.5) is equivalent to

(A7) Tig(Wi)) + Tiog(Wa)y) + DE(a,u)(T,C") = T,C°

First, suppose y = (y1,y2) € Vi with yo € S3. We apply the argument used
in Proposition 5.11 of Part IT [D6] (except here W5 is a free complete intersection
rather than free divisor so we replace hs there by ho, ..., h) to obtain

(4-8) nOg(Wl)(y1)@ﬂ0g(W2)(yz) < Tloy(vl)(y) < Tloy(Wl)(yl)@TwSQ

By (4.6) we have equality in (4.8) so (4.7) becomes
(4.9) Tiog(V1)(y) + DF (z,u)(T,C") = T,CP

Hence, F(-,u) is transverse to Vi (and hence V2) at y.
If instead y € V2\V4, then Tlog(Wl)(y) =T,CP* and

(4-10) Tlog(V2)(y) = Ty(cp1 D Tlog(W2)(y)
Thus, (4.5) is equivalent to
(4.11) Tiog(V2) () + DF (z,u)(T,C") = T,CP

Hence, F(-,u) is algebraically transverse to Vs at (z,u) (and trivially to V7).
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We conclude (z,u) ¢ supp(NKY, v, yn.o - F) is equivalent to F(-,u) being alge-
braically transverse to both Vi, and V5.

Similar arguments establish that supp(NKv, v, un,e - F) consists of points (z, u)
where F(-,u) fails to be algebraically transverse to both Vz and V;. O

Then, we define the critical set in terms of these normal sheaves.
Definition 4.2. We define the Ky, v, —critical set of F' to be
Cvy i (F) = supp(NKv; vi june - F).

and analogously for the Ky, , —critical set

Suppose fy has finite Ky, y,—codimension and n < h(V2). By proposition 4.1,
if I is an unfolding of fy, the critical sets Cy, v, (F) for Ky, v, and Cy, v, (F) for

Ky, v, agree and 71|Cy, v, (F) is finite to one. By Grauert’s theorem, N Ky, v, - F Lef

Tu(NEv, Vi jun,e F) and N3, - F Lo, (NKY, vy un,eF) are coherent and are the

sheaves associated to the normal spaces for each group. Hence, by Proposition 4.1
they have common support the Ky, v; and Ky, , ~discriminants of . We conclude
that the Ky, v, and Ky, 1, —critical sets and discriminants of I are analytic subsets
of the same dimensions.

The proof of Theorem 1 is completed by proving the following proposition and
applying Theorem 2 of part II [D6].

Proposition 4.3. Let (Va,V1) be a free complete intersection pair. Suppose that
fo: C",0 — CP,0 has finite Ky, v, —codimension with k < n < hn(V1), h(Va). Let
F . C"9,0 — CP*,0 be a Ky, v, —versal unfolding of fo. Then, NKy, v, - F is
Cohen-Macaulay with supp(NKy, v, - F) = Dy, v, (F) of dimension q — 1.

Remark . We require £ < n so that f; 1(V2) is a complete intersection.

Proof. Dividing both sides of (4.3) by I(V2) - 8(F) we obtain
(4.12) NKYV, vy un,e  F =

OF OF _ _
(95(70/(9)(10{8—961(17, u)y ..., E(x,u), GoF(z,u),...,¢p—r 0 F(z,u)}
By proposition 4.1, the Ox o-module NKY, v ., . - I has support Cy, 1, (F) =

CVQ;VI (F)

We then apply the argument similar to that given in proposition 6.12 of Part
II, applied instead to determinantal Oy o—submodule on the complete intersection
X = F~1(V3) of codimension k. As NK{, v, un. - F is a quotient of O% o by the
Ox o—submodule generated by n+p—k generators, we may apply results of Eagon—
Northeott [EN], to conclude Cy, v, (F) has codimension <n+p—k—(p—1) =
n—k+1in X so it has dimension > n+q¢—k— (n—k+1) = ¢ — 1 with equality
implying it is Cohen-Macaulay. As N K3, v, - F is the sheaf associated to the push
forward of the normal space NKY, v, ,,, . - F', the remainder of the proof for the
equality of dimensions follows as in the proof of proposition 6.12 of Part II using
again the parametrized transversality theorem and the geometric characterization
of Dy, v, (F') using Ky, v; to prove dim Dy, v, (F') = dim Dy, v, (F)) = ¢ — 1. Then,
both N} - F and NKy, y, - F are Cohen-Macaulay as Ox o-modules and

V2,Vi,un,e )
then so are the pushforwards as Ocq p—modules. [l
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5. Kcr,y—DISCRIMINANTS AS FREE DIVISORS

We have already established that K¢, y, is a Cohen-Macaulay reduction of
Keri v, in §4. To prove Theorem 6, we will apply Theorem 1 of Part II. It is
sufficient to establish the next proposition.

Proposition 5.1. Let V1,0 C CP*,0 be a free divisor and let p = p1 + pa. Suppose
0 < n—p2 < hn(V1) and that V1,0 has Morse—type singularities in dimension
n — pa. Then, versal unfoldings F of germs fo : C*,0 — CP,0 have generically
K&o1 v, —liftable vector fields.

To prove this proposition, we apply the criterion (1.3) to verify that Kcri vy
generically has K¢, y,-liftable vector fields for the pair Vi C CP* C CP. we view
CP1 as stratified by CP\V; and the canonical Whitney stratification of V3.

First, there is a local form of K¢y, 1, -equivalence in a neighborhood of each
y € CP*, and the module of K¢, v, “liftable vector fields restricts by coherence to
the module of locally liftable vector fields for the local K&e1 v, —equivalence for all
y in a neighborhood of 0. This establishes (1) of (1.3). Note we view K&oi v, as
a subgroup of K,,, and in the case of y € CP1\V;, K¢,, locally reduces to just
Kcri—equivalence.

Next, provided that Vi generically has Morse-type singularities in dimension
n, so does CP! as the remaining stratum CP*\V; has Morse-type singularities in
dimension n by Example 7.7 of Part II. This establishes (2) of (1.3).

Third, to establish condition 3) of (1.3), we must show that there is a Zariski
open subset of jets which are algebraically transverse to V; and with respect to a
local form of K¢y, 1, —equivalence at the target point y, the jet has K¢,, y, .—codim
0. The verification in §4 that K¢, y, is a CM-reduction implies that germs have
Kéoi vy, e—codim = 0 iff Kerr vy, e codim = 0. Asn < hn(V7) there is a Zariski open
subset of jets of germs algebraically transverse to the stratified set CP* (consisting
of CP* and the strata of V7). Hence, they are also algebraically transverse to Vi,
and so have Kcr1 v, —codim = 0. This is the desired Zariski open subset.

Finally, to establish the remaining condition (4) of (1.3) we must exhibit a Zariski
open subset W of the set of jets which are not algebraically transverse to (the
stratification of) CP* so that for each point y in a stratum of CP' of codimension
<n+1:1i) any z € W with target y is the jet of a Morse—type singularity and has
K&n vy, o—codim 1; ii) it is K¢, 1, —equivalent to the local normal form (1.1) such

0
that for the versal unfolding F' in (1.2), L is K, v, liftable.
» :

If y € CPr\V;, then we generically have Morse-type singularities for CP* in
all dimensions, which are then K¢,, ,, Morse-type singularities since the action
of K¢», v, at points y € CP1\W; is just Kfp, —equivalence. We then observe that
IC[EPI un = Kcri,un because in this case of smooth CP', any Kcri un—equivalence
restricted to CP! is also the restriction of a K H,,un—€quivalence.

If instead y € Vi, locally we reduce to the case of y = 0 and consider fy a
weighted homogeneous germ (for local coordinates such that V; is also weighted
homogeneous). If f; has K&ei v, e—codimension 1, then it is a Morse-type singu-
larity. As K, v, —codim(fo) > Ky, e—codim(fy), fo also has Ky, .—codim = 1.
Otherwise, if Ky, . — codim(fy) = 0, then fy would be algebraically transverse to
Vi at 0. Thus, using the definition of the K¢, y, ,—normal space (4.2), Ko, v, .~
codim(fo) = 0, a contradiction.
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Next, we identify a Zariski open subset of the jets of Morse-type singularities
which are K¢y, 1, Morse-type singularities.

Proposition 5.2. Let V1,0 C CP* 0 be a free divisor with p = p1 + pa. For
fo = (for, fo2) : C*,0 — CP, 0, suppose that fo1 is a Morse—type singularity for Vi
with y,, the exceptional weight coordinate (in the sense of [D5, Def. 4.28]). Second,
suppose that dfo2(0) : ker(dfo1(0)) — CP2 is onto. Then, up to K¢s, v, —equivalence,
we may assume V1,0 = C" x V4,0 for V5,0 C cr , 0, and with respect to coordinates
for which V4,0 is weighted homogeneous, fo has the form

n
(5.1) fo(z1,ooosmn) = (0., 0,21, 2 1, Z x?,xp/l,...,xp/1+p2,1)

i=p} +p2
Example 5.3. In the case of V = {0} C C, fo = (3_;-,,, ¥} @1, ., Tp,), which

states exactly that X = f0—21 (0) = C™ P2 and fy1|X is a standard Morse singularity.

Proof. Just as for the proof in Parts I and II of the normal form of Morse-type
singularities for Ky —equivalence, we may first reduce to the case where Tj,4V;(0) = 0
so pj = p1. Then, since fo; is a Morse-type singularity for V1,0 C CP*,0, we may
apply Ky, —equivalence to put fo; into the normal form

n
(5:2)  for(z1,. .y mn) = (@1, T 1, 9(Typr 5., 7)) where @ = Z x?
j=p}

Ky, acting on CP', 0 may be extended to act trivially on {0} x CP2. Thus, we may
view Ky, C K¢p, y,. Hence, both of these changes of coordinates are in K¢y, v, -
Next, the condition that dfg2(0) : ker(dfp1(0)) — CP? is onto is preserved by the
Ky, —action; foo is composed with the same diffeomorphism on C" as fp;. We still
denote this germ by fo = (fo1, fo2). Next, by a linear change of coordinates on
(Tpys -5 Tp), We may assume

(5.3) df02(0)(xp’1a ey Tp) = (Ipllv e 7$p’1+p271>

Under this linear change, ¢ has changed but it remains nondegenerate, and we still
denote it by ¢. Then, a straightforward computation using (4.18) of Part I shows
that with foo satisfying (5.3)

0 0 0
TRy - fo = mul—mgs s =} + (@1, mp 1) {5}
ey 6y§1) 8y1(,1_)1 3 yp
0 0 0
oy oy Fp

Then we can apply Mather’s geometric lemma (i.e. in the form of the addendum
of part I [D5]) to conclude that fo is Kfp, v, —equivalent to the normal form. O

We now assert: i) the condition in Proposition 5.2 that dfo2(0) : ker(dfo1(0)) —
CP2 is onto defines a Zariski open subset W of the jets defining Morse—type singu-
larities; ii) that such singularities in normal form (5.1) have K¢s, y, . — codim = 1;

0
and iii) the vector field u— is K¢pi v, liftable. This will complete the claim in

Ju
Proposition 5.1.
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A straighforward calculation shows that a germ fy which is a Morse-type sin-
gularity in normal form (5.1) has K¢, y, ,—codim = 1. Also, the K¢,, 1, —versal
unfolding is given by

(5.4) F(x,u) = (F(z,u),u) with F(z,u) = fo(z) + (0,...,0,u,0,...,0)
where w is in the p;—th coordinate. Then, iii) follows from the next Lemma.
Lemma 5.4. Suppose fo is a Morse—type singularity in normal form (5.1). If the

exceptional weight of fo1, wt(yp,), is not zero, then u—— is Kis, y, ~liftable.

ou
Proof. Because
mp,0(fo) + Derlog(V1) C TK¢w, v,
it follows that T'K¢s, y, does contain the Euler vector field. Hence, liftability follows
exactly as for Lemma 4.10 in part I [D5]. O

Finally, we establish i). Let 3; denote the set 2—jets of germs which fail to be
algebraically transverse to V1 (= Vi x {0}).

Lemma 5.5. If V.0 C C?,0 has K¢s, y, Morse-type singularities, then W is a
Zariski open dense subset of X1 consisting of jets of K¢, y, Morse-type singulari-
ties.

Proof. The set U; of 2-jets of germs fo = (fo1, fo2) for which fp; is a Morse type
singularity for V7 is Zariski open and dense by Corollary 4.24 in Part I [D5]. As there
is at least one Morse—type singularity, n > p — 1 so for fy € Uy, dim ker(dfo1(0)) =
n— (p1 — 1) > pe . Thus, the set of fo € Uy for which dfy2(0) : ker(dfo1(0)) — CP2
is onto is a Zariski open dense subset of X;. ([l

We conclude this section by indicating why there cannot be an analogous result
when CP1 is replaced by another free complete intersection W5. The problem al-
ready arises for Kj,. We consider the simplest complete intersection of the form
V =V; x {0} C CP*F¥ for a free divisor V.

Proposition 5.6. Suppose V = V; x {0} € CPT*, where V;,0 C CP,0 is a free
divisor and k > 0. Then, for a versal unfolding of a Morse—type singularity in

normal form (1.2), L is not Ky, ~liftable.
u

Remark 5.7. If V.0 C CP,0 is smooth, then for any unfolding F, T} -F =

V,un,e
TKvun,. - F. Hence, as in the proof of (4) in Proposition 5.1, any Ky —versal
unfolding F' is Kj,—versal, and all Ky —liftable vector fields are also Kj,—liftable.

Proof of Proposition 5.6. We consider V' = V; x {0} € CP** with V; C CP. Let

F(z,u) = (F(z,u),u) be a versal unfolding of a Morse type singularity in the
normal form, where

r+p’
F(z,u) = (0,...,0,21,..., 2, Z TF U Ty g1y e ey Ty
i=p’
Here there are r zeros and p’ = p —r, with (y1,...,yp+x) denoting coordinates for

CP+F. Then, by [D6, Prop. 5.6], Derlog(V') has generators

{aiyvlgigra ClaOSZSP/_1}7
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where (p is the Euler vector field and

(5.5) {Gilyp), 1 <i < p'—1} span My —1mod (y,r) + m;%
Let M denote the submodule of TKY, ,,, - F' generated by

0 0
{8yi,1§i§r, a—zi,n—k—i—lgign}.
Then, letting my, denote the ideal of Ocn o generated by x,—k+1,...,%n.
_ 0
(5.6) T/Cik/ﬂm’e . F/(M + mkﬁ(F)) ~ TICh,un,e . Fl/(h . O(Cn—ki»lyo{@})
p

with h the defining equation for V; and Fy(z,u) = (Fi(z,u),u) where

B n7k+p’
Fl(CC,U) = (xlv"'axp/fla Z .If—FU)
=p
We next further divide the RHS of (5.6) by the Ogn-r+1 g-submodule generated by
0 OF, o, o, ;.
— = 1<:<p -1 <i<n-—k}.
{8yz 8171'7 S1sp ) 8561'7 p=t=n }
The quotient is isomorphic to
(5.7) O(cp’,o/o(cp’,o{h 0 Flv Ci(yp) ° Fla 1<i<p — 1}
where now (z1, ...,y —1,u) denote coordinates for CP'. As V is not smooth, h €

mg. Lastly, let @ denote the quotient of (5.7) by mf),. By the form of F', @ is

isomorphic to the quotient of O,/ mf), by {¢i(yp) o Fi }, which spans a subspace of

oF 0

dimension p’'—1. f u— = u—— € TK{, ., .- F', then v = 0 in Q. This would imply
ou OYyp um

by (5.5) that m,» = 0 in @, a contradiction. Thus, u2 is not KCj,liftable. |

ou

6. MORSE-TYPE SINGULARITIES FOR y K—~EQUIVALENCE

We next turn to the situation of equivalences of germs fy : C*,0 — C™,0 pre-
serving an analytic germ V,0 C C", 0 in the source: vk, A, and v R equivalences
in i) of Table 1. Before we are ready to prove these results in §7, we first identify the
Morse—type singularities for yyK—equivalence. We do so by establishing a duality
between Morse—type singularities for v K—equivalence and Ky —equivalence.

We compute the extended y K-tangent space for fy by a computation analogous
to that for Ky —equivalence in [D1]

(6.1) TvKe- fo = Ocno{C(fo),---,¢(fo)} + mmb(fo)

where Derlog(V) is generated by (1, ..., (.

Morse-type singularities for y K—equivalence are germs g : C*,0 — C™,0 which
have  K.—codim = 1 and which are yK—equivalent to a germ fy and for a common
choice of local coordinates, both fy and V' are weighted homogeneous.

In the special case that V' = C", a Morse—type singularity for y K—equivalence
is a Morse-type singularity for K-equivalence, and hence is a standard ¥, _,11,0
singularity given by the normal form in Example 7.7 of Part II. Next we suppose
V,0 C C",0.
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Then, as vK C I,
(6.2) Ke —codim(fo) < vKe—codim(fo) = 1

If e —codimfy = 1 then, fy is a Morse—type singularity for —equivalence, and so
has corank 1. Also, since K. — codimfy > codim(dfo(Ti0(V)(0)), We must have
dim (dfo(Tiog(V')(0)) = m — 1. If it were m, then fo would have v K. — codim = 0.
Thus, the dimension is m — 1, and either corank(fy) = 1 or fp is the germ of a
submersion. We determine which of the last two conditions occur.

Next, we perform a preliminary reduction modelled on the proof of Lemma
4.12 in Part I (or see Lemma 7.3 in Part II). There is a weighted homogeneous
change of coordinates so V= C" x V} for V;,0 C C" with Trog(Vo) 0y = 0 with
both Vp and fy weighted homogeneous. If Derlog(Vy) is generated by (1, ..., (s,

then Derlog(V') is generated by {8—, cey 8—,C1, .oy s} Also, ¢ € mpb, so
X1 Ly

Gi(fo) € mnb(fo). Hence, dfo(Tiog(V)(e)) is spanned by {g_ﬁ, . gio

find W C C” such that dfo|W induces an isomorphism W =~ dfo (T4 (VT)(O)). There
is a complementary subspace K containing ker(dfo(0)). In the case corank(fy) = 1,
then K = ker(dfo(0)), while if fy is the germ of a submersion, ker(dfy(0)) has
codimension 1 in K. Define the map ¢ : C*,0 — C™,0 by ¥ (w,v) = (fo(w),v) for
w € W and v € K. Then, v is a germ of a diffeomorphism, preserves V = C" x 1},
and foovp Y x1,...,2n) = (21, .., Tm-1,9(21,...,7,)). We may further subtract

functions in the ideal generated by z1,...,z,;,—1 from g, and obtain a weighted
homogeneous change of coordinates up to yK-equivalence which leaves g in the
form f1(Tm, ..., xn).

Thus, after applying v K—equivalence, we obtain for a choice of weights for the
coordinates: both V and f, weighted homogeneous, V = C" x V; with Vp,0 c C",
Trog(Vo) 0y = 0, and fo has the preliminary form

(6.3) folzr,...zn) = (x1,- o Zm—1, f1(@m, -, Tn))

If V¢ C" and corank(fy) = 1, then we claim such germs cannot be Morse-type
singularities for y K—equivalence.

Lemma 6.1. If V,0 C C",0, then a Morse-type singularity fo : C*,0 — C™,0 for
vK—equivalence is a germ of a submersion.

Proof. By a change of coordinates, we may assume fo has the normal form (6.3).
If fo has corank 1, then by (6.2), we may assume fy is a Morse-type singularity for
K-equivalence so f; € m2_,, ., with nondegenerate Hessian. If f; has the normal
form (6.3), we may suppose W = C™~!. From the form of Ty K. - fo in (6.1),
projection onto the last component of (fy) induces an isomorphism

9] 9]
04) MoK fo= Ocmono/ (G 2 G0 )
where C"~™*1 denotes {0} x C*~™*+1. However, (; € my,0, implies ¢;(f1) € m2.
Also gij € my, so by (6.4)
. . o) 9]
(6.5) dimNyK. - fo > 1+ dlmc(mn,mﬂ/((%, e a—£> +m2))

Hence, if r < n, then K, — codimfy > 2. Thus, r =n and V = C". (|
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Thus, for yK—-equivalence with V' C C”, the Morse-type singularities are germs
of submersions. We now establish a dual correspondence between Ky and K-
equivalence for such germs.

Lemma 6.2 (Dual Correspondence for Ky and vK). Let fo : C*,0 — C™,0 be
a germ of a submersion, so Xog = f&l(O) is smooth. Let go : C*~™,0 — C™,0 be
a germ of an immersion which parametrizes Xo. If V,0 C C",0, then there is a
natural isomorphism of Ox, o—modules

(66) NV’CB . fO st NICV,& * 9o

Proof. The isomorphism is induced by extending & € 6(go) to a € € 6,, and sending
it to £(fo)|x, To see that this is well defined and induces an isomorphism, we change

coordinates so we may assume that fy is the projection 7 : C* — C™ = {0} x C™
and go is the immersion ¢ : C"~™ = C" ™ x {0} — C™. Let Derlog(Vp) be

generated by (i,...,(s, and express (; = (;1 + (2 relative to the decomposition
Cr=Cr™mgp(Cm™. Then, Cz(ﬂ') = CiQ(T{') = Cig, SO
0 0
67 NICe' 2On7m a9y a8 Onfm 7
(6.7) vKe - m~Oc ’0{35€n_m+1 R } Ocn=m o{Ciz}
01 0 . . I .
Also, — = —for 1 < j <n—m, and wo (joi= (jo. Hence, we likewise obtain
al'j 6£Ej
68)  NKve i Ocn ol 20} (Ocrom oG}
. Ve — YCn—m 0 axn—m-{-l L) axn Cr—m 01542

We note (6.7) and (6.8) are isomorphic via the map £ € (i) — é(w)mwm, which is
independent of the extension of £ to £ on C™. O

Remark . Even in the case n = m, this is still formally correct provided we allow
maps C° = {0} — C",0.

Example 6.3. If C3 has coordinates (z,y,2) and V,0 C C3,0 is the zyplane,
then the inclusion of the surface z = 22 — y? is a Morse-type singularity for Ky —
equivalence, and the function fo(x,vy,2) = z — (22 — y?) is a Morse-type singularity
for yyK—equivalence as in figure 1.

F1GURE 1. Morse Type Singularity fo for vy K—equivalence for V' smooth

Lemma 6.2 allows us to move between Morse—type singularities for Ky and -
equivalence. If V,0 C C", 0 has a Morse-type singularity fy : C*,0 — C™,0 for



24 JAMES DAMON

v K—equivalence, then by Lemma 6.2, V,0 has Morse-type singularities for Ky —
equivalence in dimension n — m, and hence in all allowable dimensions by Corol-
lary 7.4 of Part II. Conversely, suppose V,0 has Morse-type singularities for ICy—
equivalence in all allowable dimensions. Given m < n, there is for appropriate local
coordinates a Morse type singularity for Ky —equivalence given as in the normal
form (1.1).

(6.9) go(z1,. ., Znem)=(0,...,0,21,..., Zn—1,Q(Tp/y...,Tn_m))

n—m
where Q(Tnry. oo Tp—m) = Z :vf

j=n’
We can modify the normal form so it is still a Morse type singularity except it is a
now the germ of an immersion
11, Tpem) = (0,0, Ty oo B, 1y ey T =1, QT e oy X))

Note that we will have m — 1 “0’s”. Then, we obtain a Morse-type singularity for
v K—equivalence for the same coordinates as

(6.10) fours-um) = Wi Ym iU — DY)
j=m

Next, we observe that (6.10) is the general normal form for Morse—type singularities
for y K—equivalence.

Lemma 6.4 (Local Normal Form). Let fo : C",0 — C™,0 with n > m be a
Morse-type singularity for V.0 C C™,0. Then, up to yvK—-equivalence, we may
assume V,0 = C" x V, 0 for Vy,0 C C™',0 with Trog(Vo) 0y = 0, and with respect to
coordinates for which Vy,0 and fo are weighted homogeneous, fy is given by

(6.11) fo(xi,. . xn) = (21,0 T, 0 — D 73))
j=m
(here x,, is a coordinate for C" so that {x,, (1 (zn), ..., s(xn)} generate my, ).

Proof. We have already established the preliminary normal form in (6.3). We may
choose coordinates for C" so that %(O) # 0 but 2—2(0) =0forj=m,...,n—1.
Hence, absorbing the coefficient of x,, fi = z, + h with h € m?_, ;. Thus,
Ty Ke - fo contains

OC"’O{aiyl’ e ﬁ} + mmflOCn,o{ayim}
Thus, projecting along this subspace onto OCWMJrl’O{(')g/im} ~ Ogn-m+1 9, We ob-

tain the image of Ty K. - fo to be

oh oh

<£L'n, %7 ey 8—567«, Cl(x’ﬂ)7 A <S(x77f)> mOd (m?z—m+l)

where x,, is obtained from f7.
Hence, fy will have y K.—codimension 1 exactly when

oh oh

(6.12) Ty g P G(@n)s -, Cs(0) span my i1 mod (m3_,, 1)
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Since @y, (1(xn), ..., s(zn) € my, and n —m+1 =n'+ (r — (m — 1)), (6.12)
Oh Ooh

will hold exactly when z,, (i (x,),...,(s(z,) spans m,, and B B spans
T, T,

Moy —mr /(M + %),
Then, by Nakayama’s Lemma,

0
(6.13) TvK- fo= (21, , Tm—1,Tr41,. - aIn)OC",O{W}

0

0
+ mno n R -
© 10{8y1 aym—l

0
+ m2Ocn o{ =—
b mEOcn ol
All such germs fj in the preliminary form (6.3) with the same 1-jet have the same
tangent space. Thus, we may apply Mather’s geometric Lemma to conclude that
fo is yK—equivalent to its linearization, establishing the lemma. O

Remark . If n = m, then the Morse-type singularity for V =C""! (sor =n—1)
is fo = id, which has y /X, — codim = 1. The nontrivial deformation of f, moves
the image of V off 0.

Having established the normal form, the arguments given in §4 of Part I allow
us to deduce the analogues of Corollary 7.4 of Part II.

Corollary 6.5.

(1) If V,0 C CP,0 has a Morse type singularity fo : C*,0 — C™,0 for v K-
equivalence, then it has Morse-type singularities for v K—equivalence for all
“allowable dimensions”m < r+1 where r = dim(Tjoq(V)o).

(2) Suppose V,0 = C" x Vy,0 is weighted homogeneous with V5,0 € C*,0 and
(Tiog(Vo)(0y) = (0). Then V' has Morse type singularities in all allowable
dimensions iff there is a weighted hyperplane in CP" which is transverse to
the orbits of Aut1(Vp) in a punctured neighborhood of 0. Here Auty(Vp)
denotes the group of linearized automorphisms of Vj.

(3) If V,0 € C™,0 has Morse type singularities for v K—equivalence, then there
is a Zariski open dense subset of X,_n, consisting of jets of Morse—type
singularities (here ¥,,_,, denotes the 2-jets of germs of submersions fo for
which ker(dfo(0)) is not algebraically transverse to V' at 0).

Also, because of the correspondence between Morse—type singularities for Ky
and yK—equivalence, we also obtain the analogues of Proposition 7.5 of Part II
for products and the version of Lemma 4.29 of Part I for product unions. Also,we
have an analogue of Lemma 7.8 of Part II. We define for fy in normal form (6.11)
the exceptional weight type to be wt(y,) which is the same as for go. The versal
unfolding F' of fy given by

(6.14) F(z,u) = (F(z,u),u) with F(z,u) = fo(x) +(0,...,0,u)

Lemma 6.6. For the Morse—type singularity in the normal form (6.11), with
nonzero exceptional weight type, with versal unfolding F given by (6.14), the vector

field ua2 1s v IKC—liftable.
u
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7. EQUIVALENCE OF MAPPINGS WHILE PRESERVING A FREE DIVISOR

We now apply our analysis of Morse—type singularities for yK—-equivalence to
prove Theorems 1 - 4.

Let V,0 C C™,0 a free divisor. In order to prove Theorem 1 we will still use
the strategy (1.3) even though we consider K instead of Ky . To apply it, we will
establish the following Propositions.

Proposition 7.1. Suppose that V,0 C C" is a free divisor. If 0 <n—m < hn(V),
then the group vIC acting on germs fo : C*,0 — C™,0 is Cohen—Macaulay.

Proposition 7.2. Under the same assumptions as Proposition 7.1, suppose that
moreover V generically has Morse—type singularities for Iy —equivalence in dimen-
sion n—m. Then, a vK-versal unfolding F' of a germ fo : C*,0 — C™, 0 generically
has v K-liftable vector fields.

Using these propositions, we can apply Theorem 1 of Part II to immediately
deduce Theorem 1.

Proof of Proposition 7.1. We first check that K has geometrically defined discrim-
inants. The group y K induces a local action at points x near 0 which is again of the
same form (v, ,)K. Also, the v K—discriminant for an unfolding F' consists of param-
eter values u € C? such that either X,, = F,;}(0) is not smooth or it is, but it fails to
be transverse to V. We note y K-liftable diffeomorphisms lift to K., —equivalences
which preserve these properties (where v K.,—equivalences are v K—equivalences of
unfoldings which also allow change of coordinates in the parameters in C?). Thus,
v K has geometrically defined discriminants.

Second, we apply an argument using Eagon—Northcott [EN] analogous to that
in Proposition 4.3. The normal space Ny /Kyp.e - F, viewed as an Oy o-module,
where X = F~1(0) has pushforward which is Cohen-Macaulay and whose support
is the discriminant D, (F)) = 7(C,, k(F)) of codimension 1. Thus, v K is Cohen—
Macaulay. (I

Proof of Proposition 7.2. We will apply the criterion (1.3), even though we work
with y/IC instead of a subgroup of Ky . Also, by proposition 7.1, v K itself is Cohen—
Macaulay, so we apply the criterion to K rather than a CM-reduction.

By the above remarks (1) of (1.3) is satisfied. Next, by Lemma 6.2, the gener-
icity of Morse type singularities for V' in dimension n — m implies that all points
x on the canonical Whitney strata of V' of codimension < n —m + 1 there are
Morse—type singularities of nonzero exceptional weight type fo : C"*, x — C™,0 for
(v,2)K—equivalence. Second, just as for Ky —equivalence, we can still perturb a finite
codimension germ fj so it only has one y K—critical point on V and at that point it
is a Morse-type singularity. This establishes (2) of (1.3) and allows us to consider
the criterion for  K—equivalence.

For (3) of (1.3) we observe that fo : C*,0 — C™,0 has y/X.—codimension 0
iff fo is the germ of a submersion (i.e. K.-codimension 0) and X, = f; '(0) is
algebraically transverse to V' at 0.

Lastly, any stratum of codimension > n — m + 1 lies in the closure of a stratum
of codimension = n — m + 1. Hence, by Corollary 6.5, we have the Zariski open

subset W of ¥,,_,,. Also, by Lemma 6.6, for the normal form (6.11), ua2 is liftable.
u
Thus, (4) of (1.3) follows.
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Hence, by Proposition 1.1 applied to K (whose proof applies using the above
observation) we deduce the genericity of y K-liftable vector fields. ]

Then, Theorem 2 follows from Theorem 1, using the following Lemma relating
v A-stable germs and y K—versal unfoldings.

Lemma 7.3. Suppose that V,0 C C™ is a free divisor, and that fo : C",0 — C™,0
is v A-stable. Then, the unfolding F(z,u) = (f(x) —u,u) : C*™™ 0 — C?>™,0 is
vI—versal and the v A-discriminant of fo equals the v K—discriminant of F.

Proof. The proof is very similar to that of Mather [M-IV] or Martinet [Mar] for
ordinary A and K equivalence. By the versality theorem, y.A-stability under de-
formations, which is equivalent to fy being its own versal deformation, is equivalent
to infinitesimal . A-versality.

(1) OcnofCi(fo)s- s Calfo)} + O(Cm,o{aiyl7 . %} — 0(fo)

where {(1,...,(,} generate Derlog(V'). By the preparation theorem, this is equiv-
alent to

(72)  Ocno{G(fodse s Calfo)} + manb(fo) + (2., 2

o 6y—m> = 0(fo)

which (since ) is the infinitesimal condition that F' is y K—versal.

F

ou; Oy ~

Finally, we verify that the discriminants agree. First, X = F~1(0) is smooth
and 7 : X — C™ is A-equivalent to fy via a diffecomorphism ¢(z) = (z, fo(x))
sending V to VN X. Then, u € D, (F) if either X,, = F,;1(0) = X N (C" x {u})
is not smooth or it is, but is not transverse to V. Equivalently, u is a critical
point of 7|X or it is a regular point but 7= !(u) N X is not transverse to V x C™.
Under the equivalence with fo, this is the condition that y(= u) € D, 4(F), and
conversely. ]

Furthermore, Corollary 3 is an immediate consequence of Theorem 2.

Proof of Theorem 4. Lastly, we turn to the y.A-bifurcation set for germs fy :
C",0 — CP,0. Let F(xz,u) = (F(z,u),u) : C""9,0 — CP*9 0 denote the A~
versal unfolding of fy. Then, the v xce A—discriminant D (F) of F, viewed as
a germ, is a free divisor by Theorem 2.

We can repeat the reasoning in [D7] to show that the results of that paper
apply equally well to . A4—equivalence and its relation with I p—equivalence where
D = D, A(F). For a germ fo : C",0 — CP,0 and an analytic germ V,0 C C",0,
let the y . A-versal unfolding again be F' : C*"t9,0 — CP™4,0. In particular, if
go : CP,0 — CP%9,0 denotes the inclusion, then any unfolding f of fy is obtained
up to yA—equivalence as the pullback of F' by an unfolding g of go. Moreover, we
conclude the following.

vxce A

Theorem 7.4. In the preceding situation (without requiring that V be a free divi-
sor),

(1) fo has finite v A—codimension iff go has finite Kp—codimension;
(2) if either is finite, then there is the isomorphism of Ocr g—modules

NyvAec-fo ~ NKpe-go
Let g be an unfolding of go, with pullback of F denoted by f.
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(3) If g is Kp—trivial unfolding (resp. family) then f is v A-trivial unfolding

(resp. family);
(4) g is Kp—versal iff | is v A-versal.

Then, it follows that the y A-bifurcation set of F is the K p—discriminant Dp(G),
where G is the ICp—versal unfolding of go. Now, in our case, F' is y xcq«A-stable.
Moreover, 0 < n —p < hn(V x C?) = hn(V) (in addition V' x C? has Morse
type singularities in dimension n — p, which is equivalent to V' having Morse type
singularities in dimension n — p). Hence, by Theorem 2, the v xcs.A-discriminant
of Fin CP*Y is a free divisor.

The assumption that fy belongs to the y.A—distinguished bifurcation class, to-
gether with Theorem 7.4 implies: i) the strata of Dp(G) correspond to the (v, )~
classes; ii) the strata of codimension > p 4 1 belong in the closure of strata of
codimension p + 1; strata of codimension < p 4 1 generically have Morse type
singularities; and the strata of Dp(G) of codimension < p are made up of (v )~
multigerm classes, and are hence holonomic. Thus, we can apply Theorem 1 of
Part I to conclude that Dp(G) = B, 4(F) is a free divisor defined by the module
of Kp (i.e. yxceA)-liftable vector fields. O

8. GERMS ON A FIXED FREE COMPLETE INTERSECTION

The proofs of Theorems 7, 8 and Corollary 9 follow arguments similar to those
given already, and make use of the results of §4 and 5. This is why we have
postponed the proofs until now.

We begin by defining a CM-reduction for (V). We first assume V,0 C C™,0 is
a free complete intersection of dimension k with free defining equation h : C™, 0 —
C"~*k,0, so that Derlog(h) is freely generated by {C1,...,Cx}. We let K(V)* denote
the subgroup of (V') for which the diffeomorphism of C™,0 restricted to V is a
restriction of a diffeomorphism preserving the level sets of h. This again gives a
geometric subgroup using the arguments in [D4, §9-11]. Then, as in [D4, §9-11], we
compute for fo: C",0 — CP,0,

(8.1) TEWV)" - fo = Ocno{Ci(fo)s-- -, G(fo)} + (B mn—r + f5mp)0(fo)

If F:C"9,0 — CP*4,0is a K(V)*—versal unfolding of fy, it is also a K(V)—versal
unfolding. Then, the unfolding tangent space is given by

(8:2)  TK(V)ie F = Ocoo{G(F), ... G(F)} + (W my— + Fmy)0(F)

We let X = F~1(0) which is a complete intersection algebraically transverse to
V x C?. Hence, X = X N (V x C9) is still a complete intersection of dimension
k+ q — p. Then, by (8.2) the extended normal space for the unfolding is given by

(8.3) NK(V Jine  F = OR/Oxco{G(F), . Gu(F)}
The critical sets Cic(yvy(F') for K(V'), and Ci(vy-(F) for K(V)* are given by
Cic(v)(F) = SUPP(N’C(V)un,e - F) and CIC(V)* (F) = SUPP(N’C(V)Zn,e - F)

Then, there is the analogue of Proposition 4.1.

Proposition 8.1. For a free complete intersection V: If n —p < (V)
(1) i) fo : C",0 — CP,0 has finite K(V')—codimension iff it has finite K(V)* -

codimension.
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(2) i) For an unfolding F of fo,
(8.4) Cxevy(F) = Cx)-(F)

The proof that is analogous to that of Proposition 4.1.

That the K(V)—discriminant is geometrically defined is straightforward, and ap-
plying Eagon—Northcott as in Proposition 4.3 so we conclude that C(V)* is a CM-
reduction of (V). We may apply Theorem 2 of Part II to conclude Dy (y)(F) is a
free* divisor defined by the module of K(V)*liftable vector fields.

Having proven Theorem 7, we can obtain Theorem 8 exactly as we obtained
Theorem 2 from Theorem 1 by applying an analogue of Lemma 7.3.

Lemma 8.2. Suppose that V,0 C C™ is a free divisor, and that fo : C*,0 —
CP,0 is A(V)-stable. Then, the unfolding F(z,u) = (f(z) — u,u) : C"?P 0 —
C?,0 is K(V)-versal and the A(V)-discriminant of the germ fo equals the K(V)~
discriminant of the unfolding F'.

Finally Corollary 9 follows as explained in §3.

9. DiscUSSION OF THE CONSEQUENCES FOR UNDERSTANDING DISCRIMINANTS

The results obtained in this paper, including those from the earlier parts I and
IT which generalize many earlier results, give a broad view of how generally dis-
criminants and bifurcation sets for various equivalences are free divisors. Several
questions raised by the referee include the following. Do the free divisors which
arise for the additional equivalences really give new free divisors? Can we deter-
mine based on the properties of a free divisor whether it arises as a discriminant
for a specific equivalence? Do sporadic free divisors which have been identified by
adhoc methods arise as discriminants?

In fact, we are a long way from answering in any effective way these questions.
However, we can draw a few conclusions.

For Ky—equivalence with V' the simplest free divisor {0} C C, resp. free com-
plete intersection {0} C CP, the Ky—discriminants are discriminants for isolated
hypersurface singularities, resp. isolated complete intersection singularities, which
are free divisors. Next, taking V to be these divisors, the Ky —discriminants are the
bifurcation sets for A—versal unfoldings, and are free divisors provided we are in
the distinguished bifurcation class. This progression from {0} to discriminants of
stable unfoldings to bifurcation sets represents increasingly complicated structure
(at least by measures such as topological interpretation of codimension [DM] and
higher multiplicities [D2]). Equivalences which introduce the behavior relative to
these free divisors should also further increase the complexity.

While certain equivalences such as y K—equivalence of germs which are submer-
sions will have the same discriminants as the Ky —equivalence of a corresponding
immersion germ by the correspondence of §6, Arnold has shown that simple bound-
ary singularities give bifurcation sets associated to Weyl groups and Coxeter groups
other than the A, D, E groups associated to the simple hypersurface singularities,
indicating new complexity.

Although there is considerable knowledge about the local structure of discrim-
inants for stable germs in low codimension, there is as yet no systematic method
to characterize the discriminants belonging to a given equivalence, nor to charac-
terize the complexity. Now that we have seen the abundance of free divisors, these
questions are important ones to consider.
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