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Abstract

A new approach is presented for computing the interior medial axes of generic regions in R
3 bounded by C

(4)-smooth parametric
B-spline surfaces. The generic structure of the 3D medial axis is a set of smooth surfaces along with a singular set consisting of
edge curves, branch curves, fin points and six junction points. In this work, the medial axis singular set is first computed directly
from the B-spline representation using a collection of robust higher order techniques. Medial axis surfaces are computed as a time
trace of the evolving self-intersection set of the boundary under the the eikonal (grassfire) flow, where the bounding surfaces are
dynamically offset along the inward normal direction. The eikonal flow results in special transition points that create, modify or
annihilate evolving curve fronts of the (self-) intersection set. The transition points are explicitly identified using the B-spline
representation. Evolution of the (self-) intersection set is computed by adapting a method for tracking intersection curves of two
different surfaces deforming over generalized offset vector fields. The proposed algorithm accurately computes connected surfaces
of the medial axis as well its singular set. This presents a complete solution along with accurate topological structure.

1 Introduction

The medial axis [7] is a fundamental tool for the anal-
ysis of three dimensional objects in a variety of geometric
processing applications such as volumetric mesh genera-
tion [39,35], feature extraction [26,28], tool-path creation in
computer-aided manufacturing [25] and shape search and
retrieval [43]. The medial axis has also been used in other
scientific applications including segmentation of medical
images [34], statistical shape analysis of populations of ob-
jects [29], and motion planning for robotics [21,18]. A sur-
vey of medial axis applications is presented in [42].

There has been significant interest in automatically com-
puting the medial axis of objects. The approaches presented
in [37,36] compute partial solutions for a restricted set of
objects bounded by B-spline surfaces. Most existing ap-
proaches require discrete approximations of smooth sur-
faces such as polygonal meshes or point sampled geome-
try. Accurate techniques that compute the medial axis and
its topology from polygonal boundary representations have
been demonstrated for low polygon count models [11,40].
Computationally fast techniques for point sampled geom-
etry [14,2] compute approximations as a set of polygons
on the medial axis without topological structure. Consid-
erable human interaction is required in order to infer this
information. Discrete approximations of smooth surfaces
introduce artifacts that are not part of the medial axis of
regions bounded by smooth surfaces and considerable ef-
fort is required to remove them.

This paper presents a new approach for computing the
complete topologically correct interior medial axis of a
three dimensional region directly from parametric B-spline
representations of its boundary surfaces. Figure 1 shows
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Fig. 1. Medial axis of a 3D region bounded by a B-spline surface.

a B-spline surface enclosing a region in R
3 and its corre-

sponding medial axis. The medial axis consists of surfaces
(shown in orange, brown, bluish violet) bounded by edge
curves (thick blue), and branch curves (thick yellow) where
surfaces meet. The medial axis also contains fin points
(purple spheres) where edge curves and branch curves
meet, and a six junction point (green sphere) where six
surfaces (and four branch curves) meet at a point. Precise
mathematical definitions of each entity type are presented
in Section 2.

The proposed approach computes all entities of the me-
dial axis with arbitrary user specified accuracy along with
correct topology. Parameter values of boundary surface
points corresponding to every medial axis point and the re-
spective distance is also computed, which gives the medial
axis transform. The main contributions of this paper are:
– A new algorithm for computing medial axis surfaces.
– A new algorithm for tracing branch curves.
– Robust technique for computing edge curves.
– Robust techniques for computing fin and six junction

points.
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Fig. 2. Medial axis point types. Surface S shown in grey, surface points in red, medial axis points in blue. In (a)-(d), medial axis surfaces are
also shown in grey. Arrows point in the corresponding surface normal direction.

The B-spline representation enables computation of the
medial axis as a time trace of the evolving (self-) intersec-
tion set of the boundary surface under the eikonal flow (also
called grassfire flow [42]). At each instant of the eikonal
flow, every point on the surface is offset by a fixed distance
along the corresponding inward surface normal direction.
The eikonal flow method has been used to compute the
medial axis of regions specified within volumetric scalar
grids [41]. That method classifies the points of the discrete
grid as whether or not they belong to the medial axis using
computed properties of the eikonal flow at the grid points.
The method proposed in this paper dynamically emulates
the (self-) intersections of the eikonal flow using higher or-
der methods to accurately compute the medial axis of re-
gions bounded by B-spline surfaces.

The paper is organized as follows. Section 2 presents the
definition and properties of the 3D medial axis. Section 3
presents related work. An overview of the proposed algo-
rithm is presented in Section 4 with details in Sections 5,
6 and 7. Results are presented in Section 8 and the contri-
butions of the paper are summarized in Section 9.

2 3D Medial Axis and its Local Structure

Mathematical properties of the medial axis are well doc-
umented in the existing literature. We follow the definition
and notation given in [20,12] and present it here.
Definition 2.1 The medial axis of a region in R3 enclosed
by a bounding surface S is the locus of centers of maximally
inscribed spheres that are tangent to two points on S, to-
gether with the limit points of the locus that exhibit special
configurations (explained below).

A complete characterization of the local structure of the
3D medial axis for generic regions is presented in [20]. We
briefly describe the properties of the 3D medial axis here.
The assumption that the 3D region is generic includes “al-
most all” situations in the precise mathematical sense [12].

For a maximally inscribed sphere, a point of tangency on
the boundary is of Ak type if the sphere has k − th order
contact with the boundary [20]. Only the values k = 1
or 3 occur in the generic situation for medial axis points.
When k = 1, the sphere is tangent to the surface at the
contact point. When k = 3, in addition to the tangency
property, the radius of the sphere is a radius of principal

curvature of the corresponding contact point on the surface
and the contact point on the surface is a ridge point. The
definition of a ridge point is presented in Section 6.1. A
medial axis point with a maximal sphere with m points
of tangency is denoted Ak1

Ak2
· · ·Akm

, and the type for a
sphere with m A1 contact points will be abbreviated to Am

1 .
For each medial axis point, our work maintains the set of
parameter values corresponding to each contact point on
the boundary and the distance to the boundary (radius of
maximal sphere) in addition to the coordinate values of the
center of the sphere.

The medial axis of a generic 3D object consists of the
following surface, curve and point entities [20] (See Figure 2
for illustrations of each medial axis point types):

(a) A2
1 surfaces. The locus of A2

1 points are medial sur-
faces on which the maximal sphere at every point is
tangent to two points on the surface.

(b) A3 edge curves. The maximally inscribed sphere at an
A3 point is in contact with an elliptic ridge point on
the surface (See Section 6.1). The locus of A3 points
are curve segments or loops that partially or com-
pletely bound A2

1 surfaces.
(c) A3

1 junction curves. The maximal sphere at an A3
1

point is tangent to three points on the surface. The
locus of A3

1 points are curve segments or loops that
partially or completely bound A2

1 surfaces. Three A2
1

surfaces meet along an A3
1 curve.

(d) A1A3 fin points. At such a point, an A3 curve seg-
ment meets an A3

1 curve segment and it marks the
beginning/end of each curve. The maximal sphere at
an A1A3 point is in contact with two surface points -
one with A1 type and the other with A3 type contact.

(e) A4
1 six junction points. The maximal sphere at an A4

1

point is tangent to four points on the surface. Such
points occur when six A2

1 surfaces meet. This can also
be viewed as points where four A3

1 curves meet.

3 Related Work

We briefly review existing techniques for computing the
3D medial axis. The approaches can be broadly classified
into Voronoi, distance field, eikonal and tracing based
methods. First, we present techniques used for piecewise
smooth surface representations. Since many approaches
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suggest discretizing smooth surfaces, we summarize ex-
isting techniques used for discrete surface representations
including point clouds, polygonal meshes and volumetric
images (scalar grid data). This is by no means an exhaus-
tive review, but presents representative works in each area.
Extensive surveys are presented in [42,6].

Piecewise Smooth Representations. The tracing
approach of [37] accurately computes partial medial axes
of objects bounded by freeform surfaces. The method
assumes that the object has at least one convex vertex
(corner point). A3

1 curves (termed seams in their paper)
are numerically traced from convex vertices. A4

1 points
are detected during seam tracing using distance to surface
checks, at which three new A3

1 curves are spawned. Seam
tracing ends either at a convex vertex or at an A3 point
which is detected using curvature and distance checks at
seam points. The paper does not present results on com-
puting A2

1 surfaces. Since the method assumes that there
is a convex edge on the surface that is a part of a bounding
loop for an A2

1 surface, it is not suitable for medial axes
with A3 boundary curves that may end at A1A3 points
such as models with fins.

Bisectors of pairs of freeform surfaces are considered as
building blocks of the medial axis. Accurate techniques for
computing bisector surfaces of rational parametric surfaces
are presented in [16]. However, there is no technique in
the existing literature to identify all medial entities (such
as fin points, six junction points) and their topology from
the bisector surfaces. Related methods include bisectors of
CSG objects [27] and Voronoi diagrams of collections of
planes, sphere and cylinders [24].

A method for computing the 3D medial axis of extruded
and revolved objects bounded by freeform surfaces is pre-
sented in [36]. The method computes the 2D medial axis of
a planar profile face which is then transformed (extruded
or revolved) to obtain a 3D medial axis.

Point Clouds. Algorithms for computing medial axes
from point sampled surfaces typically begin with comput-
ing Voronoi diagrams of the point sets and then identify me-
dial skeletons as subsets of the Voronoi graphs [1,2,13,14,9].
The shock scaffold method [31] presents a combinatorial al-
gorithm to identify boundary points corresponding to me-
dial axis points.

Polygonal Meshes. Foskey et al. [19] analyze the gra-
dient of the distance field to the surface to identify medial
skeletons. A polygonal approximation that has the same
homotopy type as the medial skeleton is computed as a sub-
set of the Voronoi diagram in [44]. Methods based on trac-
ing seam curves and computing junctions of seam curves
are presented in [11,40]. An offset based approach for com-
puting approximations of the 3D medial axis of polyhedra
is presented in [22].

Volumetric Images. A variety of techniques based on
thinning of voxel data grids in an erosion like process start-
ing from the object surface have been presented as sur-
veyed in [30,45]. Siddiqi et al. [41] simulate eikonal flow on
discrete grids using partial differential equations to detect

singularities of the flow based on the average outward flux
of the flow. Medial axis voxels are detected by combining
the flux measurement with a homotopy preserving thinning
process. Methods that rely on the computation of height
ridges of distance fields are presented in [8,3].

Although mathematical properties of the medial axis are
well documented in the existing literature, to date state of
the art techniques have been able to compute pieces of me-
dial representations only for discrete approximations of ob-
jects. In addition, approximate or simplified solutions using
discrete techniques and partial solutions using higher or-
der methods have been computed due to the complexity in
structure and inherent nonlinearity of the medial axis [38].
This paper proposes a new higher order method that, in
conjunction with results from singularity theory, automat-
ically computes medial axes of three dimensional objects
accurately along with correct structural information and
does not generate non-medial artifacts.

4 Algorithm Overview

Let B be the boundary of a region in R
3 represented by a

closed tensor product parametric B-spline surface S(u, v) ∈
C(4). The surface normal, n(u, v) = Su×Sv

‖Su×Sv‖
(assumed ori-

ented inward for a closed surface, with ‖ Su × Sv ‖6= 0)
where, subscripts indicate the partial derivatives with re-
spect to the corresponding parameter variable. The offset
surface resulting from the eikonal flow at a time t is given
by σ(u, v, t) = S(u, v) + t n(u, v), t ≥ 0. The variable t is
exactly the offset distance and is also referred to as time
to emphasize the dynamic aspect of the algorithm. As the
surface evolves under the eikonal flow in the increasing t di-
rection, different regions start intersecting with each other
creating (self-) intersection curves that grow and interact
with each other until they collapse to single points and die.
The approach presented in this paper exactly models this
behavior to compute the medial axis. The medial axis con-
sists of only the first intersection points of evolving offsets
of any two given points on the surface.

During the course of the eikonal flow, special changes
to the structure of intersection curves occur at certain
transition points (including A1A3 and A4

1 points), where
intersection curves are created, interact with each other
to undergo intermediate transitions or get annihilated.
Away from transition points, the intersection curves evolve
smoothly to sweep out A2

1 surfaces of the medial axis.
An intersection curve consists of a connected set of A2

1

points, and A3, A3
1, A1A3 or A4

1 points at curve ends where
necessary, all sharing the same offset distance.

Algorithm 1 summarizes the steps involved in comput-
ing the medial axis. The proposed approach first computes
transition points as well as A3 and A3

1 curves using prop-
erties of the B-spline representation. A2

1 surfaces are then
computed by evolving intersection curves over time using
theoretically derived evolution vector fields. Connectivity
between intersection curves at consecutive time instants
is maintained as they evolve. The topology of intersection
curves are appropriately modified during transition events.
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This computational approach is equivalent to following the
level sets of the distance field of S(u, v). Since the set of
all local normal forms of the distance field given in [32] are
considered, our approach presents the complete topological
structure of the medial axis.

Algorithm 1 Computing medial axis

(i) Compute transition points.
(ii) Compute A3 curves and A1A3 points.
(iii) Compute A3

1 curves.
(iv) Classify transition points as creation, intermediate or

annihilation.
(v) Compute medial axis surfaces.

5 Transition Points and Transition Events

This section presents techniques to compute all types of
transition points of intersection curves for the 3D medial
axis. A summary of all types of transition events is also pre-
sented. In addition to A1A3 and A4

1 points, the transition
points include those points on A3 curves, A3

1 curves and
A2

1 surfaces where the distance to the boundary attains a
critical value. Transitions on A3 and A3

1 curves depend on
the direction of increasing distance to boundary along the
curves, which we term as the curve’s flow direction.

Let Si(ui, vi), i = 1, 2, 3, 4, denote representations of dif-
ferent regions of the boundary surface, and let Ni = ∂Si

∂ui

×
∂Si

∂vi

denote the unnormalized normals of Si respectively.
By treating the single boundary surface as if it were dif-
ferent regions, we present geometric equations for comput-
ing transition points. Roots of nonlinear geometric equa-
tions are computed using adaptations of robust subdivision
based techniques [17,15]. Extensions of these methods to
improve efficiency of computing A3

1 critical points and A4
1

points are presented.

5.1 A3 critical points
Although every point on S(u, v) has two principal cur-

vatures κ1 ≥ κ2, for the purposes of medial axis compu-
tation, it is necessary to consider only the larger principal
curvature κ1 [5]. The transition points of the medial axis
related to κ1 correspond to points on S(u, v) where κ1 at-
tains a critical value. These points are computed by solving
for simultaneous roots of Equation 5.1.

κ1u(u, v) = 0 κ1v(u, v) = 0 (5.1)

Further, the sphere centered at the offset point S(u, v) +
1

κ1(u, v)
n(u, v) having radius

1

κ1(u, v)
must be maximal,

by definition of the medial axis. The procedure for the max-
imal condition check is presented in Appendix A. The tran-
sition points of A3 type are the centers of such maximal
spheres. An A3 critical point is either a creation point or
an intermediate transition point, depending on whether the
two A3 curve segments on either side of the critical point
flow outward or inward.

(a) (b)

Fig. 3. Critical point of type (a) A2
1, (b) A3

1, shown in blue. Different
regions of the surface S are shown in grey and arrows point in the
corresponding surface normal directions.

5.2 A2
1 critical points

The A2
1 transition points correspond to A2

1 points for
which the distance to the boundary attains a critical value.
An A2

1 critical point at which the distance function has a
local minimum corresponds to a creation event. When the
distance function has a local saddle, the critical point cor-
responds to an intermediate transition event. Finally, the
critical point corresponds to an annihilation event when
the distance function attains a local maximum. This char-
acterization follows the behavior of the transition points
for the intersection of two surfaces under generalized offset
flows [10].

D(u1, v1, u2, v2) =‖ S1 − S2 ‖2= 〈S1 − S2, S1 − S2〉

(5.2)
Taking the partial derivatives of D with respect to
u1, v1, u2, v2 and solving Equation 5.3, we obtain critical
points of D.

〈S1 − S2,
∂Si

∂ui

〉 = 0, 〈S1 − S2,
∂Si

∂vi

〉 = 0, i = 1, 2

(5.3)
Since some solutions of Equation 5.3 may not correspond
to maximal spheres, the maximality condition must be
checked at all solutions of Equation 5.3 using the proce-
dure in Appendix A. Trivial solutions at which (u1, v1) =
(u2, v2) are ignored. Equation 5.3 implies that the surface
normals at S1(u1, v1) and S2(u2, v2) must point exactly in
opposite directions as illustrated in Figure 3(a).

5.3 A1A3 points
A1A3 points are computed as part of the algorithm for

computing A3 curves. See Section 6.1. A1A3 points corre-
spond to intermediate transition events based on whether
the A3 curve and the A3

1 curve flow inward or outward at
the A1A3 point. Techniques for computing the flow direc-
tions (called the shock structure) and characterization of
their combinations are presented in [20].

5.4 A3
1 critical points

The A3
1 critical points correspond to A3

1 points at which
the distance to the boundary attains a critical value. At
such points, the normals at the three surface points are
coplanar as illustrated in Figure 3(b) [31]. A3

1 critical points
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can be creation, annihilation or intermediate transition
types based on the flow direction of the A3

1 curve segments
at the critical point. For a point P ∈ R

3 to be an A3
1 critical

point, the following equations must be satisfied.

〈P − Si,
∂Si

∂ui

〉 = 0, 〈P − Si,
∂Si

∂vi

〉 = 0, i = 1, 2, 3 (5.4a)

‖ P − S1 ‖ = ‖ P − Sj ‖, j = 2, 3 (5.4b)

〈N1 × N2, N3〉 = 0 (5.4c)

Since P = (x, y, z) is unknown, Equations 5.4(a)-(c) form
a system of nine non-linear equations in nine unknowns.
This system is reduced by adapting the simplification tech-
niques presented for surface-surface bisectors in [17]. Sup-
pose P = S1+αN1, and substitute for P in Equation 5.4(b)
with j = 2 to obtain

α =
−〈S1 − S2, S1 − S2〉

2〈S1 − S2, N1〉
(5.5)

Substituting for P and α in Equations 5.4(a)-(b) with i =
2, 3, j = 3, and simplifying yields a system of six equations
in six variables. Denote S1 − Si by S1Mi, i = 2, 3.

2〈S1M2, N1〉〈S1Mi,
∂Si

∂ui

〉− ‖ S1M2 ‖2 〈N1,
∂Si

∂ui

〉 = 0, i = 2, 3

(5.6a)

2〈S1M2, N1〉〈S1Mi,
∂Si

∂vi

〉− ‖ S1M2 ‖2 〈N1,
∂Si

∂vi

〉 = 0, i = 2, 3

(5.6b)

〈S1M2, N1〉 ‖ S1M3 ‖2 − ‖ S1M2 ‖2 〈N1, S1M3〉 = 0
(5.6c)

〈N1 × N2, N3〉 = 0 (5.6d)

Note that Equations 5.4(a) for i = 1 are automatically
satisfied. It is possible to solve the system of equations
in 5.6(a)-(d) by symbolically representing the left hand
sides of the equations and using subdivision based meth-
ods directly on the 6-variate functions [17], but the large
memory requirements rendered it infeasible on an 8GB
RAM machine. The expression tree based method pre-
sented in [15] significantly reduced the memory require-
ments but was still computationally infeasible due to the
large number of dimensions.

To make this approach practical, we have improved the
computation time for this problem using hierarchical and
parallel computation strategies. Equations 5.6(a)-(b) for
i = 2 are dependent only upon u1, v1, u2, v2. Therefore, the
problem size is reduced by first finding subdomains that
satisfy these two equations, and then finding subdomains
that also satisfy Equations 5.6(a)-(d) for i = 3. Intuitively,
Equations 5.6(a)-(b) i = 2 require two points on the sur-
face that are equidistant from an offset point P in R

3. The
remaining equations find a subset of those points for which
there is a third surface point that is also equidistant to P .

The expression tree based approach is used to subdi-
vide u1, v1, u2, v2 parametric domains until a user specified

threshold is reached while using interval arithmetic to re-
ject subdomains that do not satisfy Equations 5.6(a)-(b)
with i = 2. Also, subdomains that do not correspond to re-
gions that satisfy the maximal condition are pruned. The
maximal condition is checked by computing ranges of ρ =
α ‖ N ‖ with interval arithmetic and testing whether 1)
the range contains a part of the positive real line, and 2) is
bounded by the size of the region enclosed within S. Neg-
ative values of ρ correspond to points outside the region
since the offset would be in the outward normal direction
and thus cannot contribute to the solution. Each of the
remaining subdomains along with variables u3, v3 is then
tested with Equations 5.6(a)-(d) using subdivision along
u3, v3 parametric directions, interval arithmetic and prun-
ing. Moreover, this step is performed in parallel since the
subdomains are independent. Trivial solutions are ignored.
The centers of remaining subdomains of ui, vi, i = 1, 2, 3
are used in a Newton-Raphson refinement step [17] to ob-
tain accurate solutions and non-maximal solutions are ig-
nored. This step is also performed using parallel processing
techniques.

5.5 A4
1 points

A4
1 points are equidistant to four different points on S

and the corresponding sphere is maximal. A4
1 points can be

annihilation or intermediate transition based on the direc-
tion of the flow of the four incident A3

1 curves as presented
in [20]. For a point P ∈ R

3 to be an A4
1 point, the following

equations must be satisfied.

〈P − Si,
∂Si

∂ui

〉 = 0, 〈P − Si,
∂Si

∂vi

〉 = 0, i = 1,2,3,4

(5.7a)

‖ P − S1 ‖ = ‖ P − Sj ‖ , j = 2,3,4 (5.7b)

Just as in the case for A3
1 critical points, the system in

Equation 5.7 of eleven equations is reduced using Equa-
tion 5.5 to a system in eight equations in eight variables
ui, vi, i = 1, 2, 3, 4 shown in Equation 5.8(a)-(c).

2〈S1M2, N1〉〈S1Mi,
∂Si

∂ui

〉− ‖ S1M2 ‖2 〈N1,
∂Si

∂ui

〉 = 0, i = 2, 3, 4

(5.8a)

2〈S1M2, N1〉〈S1Mi,
∂Si

∂vi

〉− ‖ S1M2 ‖2 〈N1,
∂Si

∂vi

〉 = 0, i = 2, 3, 4

(5.8b)
‖ S1Mj ‖2 〈S1M2, N1〉− ‖ S1M2 ‖2 〈N1, S1Mj〉 = 0, j = 3, 4

(5.8c)
Intuitively, Equations 5.8(a)-(b) with i = 2 require two

points on the surface that are equidistant from an offset
point P in R

3. Equations 5.8(a)-(c) with i = 3, j = 3 find
a third surface point that is also equidistant to P with the
other two points. And finally, Equations 5.8(a)-(c) with i =
4, j = 4 find a fourth surface point that is equidistant to P
with the other three points.

Equations 5.8(a)-(b) with i = 2 are dependent only upon
u1, v1, u2, v2; Equations 5.8(a)-(c) with i = 3, j = 3 are
dependent on u1, v1, u2, v2, u3, v3, and Equations 5.8(a)-(c)
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with i = 4, j = 4 are dependent on u1, v1, u2, v2, u4, v4. So
this structure lends itself to a hierarchical technique similar
to the A3

1 critical point case. Equations 5.8(a)-(c) will pro-
vide exactly the same solutions for both i = 3, j = 3 and
i = 4, j = 4, so this step is performed once and subdomains
in the u3, v3 parametric directions are used for u4, v4 para-
metric directions, thereby effectively reducing the number
of dimensions in the subdivision search stage from eight to
six. Moreover, Equations 5.8(a)-(c) with i = 2, 3, j = 3 are
identical to Equations 5.6(a)-(c). So the subdivision stage
for A3

1 critical point and A4
1 point computations are com-

bined. The refinement stage for Equations 5.8(a)-(c) are
performed in parallel.

5.6 Catalog of Transition Events
At transition points, corresponding evolution curves are

either created, annihilated or undergo intermediate transi-
tions. We present a complete list of all generic transitions
for the medial axis.

1. Creation Events:
i) At an A3 critical point where κ1 has a local maxi-

mum. An intersection curve segment is created with
the two end points on an A3 curve.

ii) At an A2
1 critical point where the distance to S has

a local minimum. An intersection curve loop of the
evolving offset surfaces is created.

2. Annihilation Events:
i) At an A2

1 critical point where the distance to S has
a local maximum. An intersection curve loop ends.

ii) At an A3
1 critical point where two A3

1 curves flow
inward, and the corresponding intersection curves
disappear.

iii) At an A4
1 point where four A3

1 curves flow inward,
and the corresponding intersection curves end.

3. Intermediate Transition Events:
i) At an A3 critical point where κ1 has a local saddle

point, at which two intersection curves join.
ii) At an A2

1 critical point where the distance to S has
a local saddle so two intersection curves meet and
exchange branches.

iii) At an A1A3 point where the intersection curve from
a smooth sheet passes and creates an A3

1 point which
evolves along an A3

1 curve away from the A1A3

point.
iv) At an A1A3 point where an A3

1 curve flows into
it and the intersection curves meeting at the tran-
sition point transform into a smooth curve on a
smooth medial sheet.

v) At an A3
1 critical point where three intersection

curves on different A2
1 surfaces meet and split into

two triples of intersection curve segments which
meet at the end points on A3

1 curves flowing out-
ward.

vi) At an A3
1 critical point where two intersection

curves on different A2
1 surfaces meet and split into

two pairs of intersection curve segments meeting at
the end points on A3

1 curves flowing outward. Also,

a new intersection curve on a third A2
1 surface is

created with the same end points on the A3
1 curve.

vii) Two intersection curves on distinct A2
1 surfaces

meet at two regular A3
1 points, where two intersec-

tion curves on a third A2
1 surface also end. The two

A3
1 curves flow into the critical point, the first two

intersection curves on different A2
1 surfaces collapse

to the critical point, and the other two intersection
curves on the third A2

1 surface merge into a single
intersection curve.

viii) Three A3
1 curves meet at an A4

1 point with a transi-
tion to one A3

1 curve flowing outward from the A4
1

point. Intersection curves are modified accordingly.
ix) Two A3

1 curves meet at an A4
1 point with a transition

to the other two A3
1 curves. Intersection curves are

modified accordingly.

6 Curve Elements

6.1 A3 Curves
Ridges are loci of points on a surface at which one of the

principal curvatures attains a critical value along its princi-
pal direction [23]. A ridge point of κ1 satisfies 〈∇κ1, t1〉 =
0, where principal direction t1 is a 2D column vector with
the two elements of the vector denoting coefficients of Su

and Sv at S(u, v). A κ1 ridge point is called elliptic if κ1

attains a local maximum along t1 [33].
A3 curves on the medial axis correspond to loci of ellip-

tic ridge points of κ1 on the surface such that the sphere
centered at the center of curvature corresponding to κ1 is
maximally inscribed within the region of interest. Ridges
on S(u, v) are computed using techniques presented in [33]
that guarantee robust and accurate extraction of all ridges
on B-spline surfaces. Ridge curves are output as polylines
in [33]. Elliptic ridges of κ1 are identified by testing the
extremum type condition at each ridge point vertex of the
polylines. Only those points that pass the maximal con-
dition are retained resulting in segments or closed curve
loops (See Appendix A). The end points of each non-loop
segment occur where the maximal condition first fails and
corresponds to an A1A3 point. A3 curves on the medial axis
are then computed as offsets of elliptic ridges at distances
1
κ1

(radius of curvature) along the inward normal of the
surface at each point. In Equation 6.1, R is a collection of
m ridge curves Rj that correspond to A3 curves. Each Rj

is a connected set of elliptic ridge points on S.

R = {
m
⋃

j=1

Rj}, Rj = {(u, v) : 〈∇κ1(u, v), t1(u, v)〉 = 0,

tT1





κ1uu κ1uv

κ1uv κ1vv



 t1 < 0, bmax(u, v) = (C(u, v),
1

κ1(u, v)
)}

C(u, v) = S(u, v) +
1

κ1(u, v)
n(u, v)

(6.1)
where bmax(u, v) is a maximally inscribed sphere with cen-
ter C(u, v) and radius 1

κ1(u,v) . The A3 curves on the medial

axis are the loci of the sphere centers C(u, v) for all Rj .
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Fig. 4. Tangent planes of offset surfaces σi with normals ni, i = 1, 2, 3
at a point P . Pairwise intersections of offset surfaces are along Z12,
Z23, Z13.

Identifying A1A3 points on A3 curves. By definition,
A1A3 points are locations where the maximal sphere is tan-
gent to the corresponding ridge point on the surface as well
as to another point in a different region of the surface. For
each end point of a non-loop segment where the maximal
condition fails, the other surface point corresponding to the
A1 condition is determined by finding closest points on the
surface with distance equal to the radius of curvature ( 1

κ1

)
at the ridge point using Equation A.1 in Appendix A.

6.2 A3
1 Curves

This section presents a tracing algorithm for computing
A3

1 curves. A3
1 critical points, A1A3 points and A4

1 points,
the computation of which is presented in Section 5, are
source and sink points for the proposed algorithm. The reg-
ular points of A3

1 curves correspond to points where three
different regions of the of the deforming boundary intersect
transversely (i.e., the three tangent planes of the offset sur-
face at the intersection point are different). Using this char-
acterization, we construct evolution vector fields based on
methods and ideas from [12] to follow the time trace of A3

1

points. When these vector fields are integrated beginning
at an A3

1 point, we obtain the A3
1 curve from that point.

6.2.1 Evolution Vector Field for the A3
1 Curves

Consider a triple intersection point P ∈ R
3 at which the

three offset surfaces intersect transversely. Denote the three
different surface regions as Si, with unit surface normal vec-
tors ni, and the corresponding offset surfaces as σi(ui, vi, t),
i = 1, 2, 3 respectively. Let φi = σiui

× σivi
(Note φi ‖ ni).

Since the tangent planes at P are all different, ni, i = 1, 2, 3
span R

3. Zij = φi × φj , i = 1, 2, 3, j = (i + 1) mod 3,
are tangent vectors to the intersection curves of the pair of
offset surfaces σi and σj . A linear algebra argument shows
that {Z12, Z23, Z13} also forms a basis for R

3 at P . Also,
because both Zij and Zjk are orthogonal to nj , i = 1, 2, 3,
j = (i+1) mod 3, k = (i+2) mod 3, they span the tangent
plane of σj at P . (See Figure 4).

At each point in the neighborhood of P , we write

n1 − n2 = a1Z12 + b1Z13 + c1Z23

n3 − n2 = a2Z12 + b2Z13 + c2Z23

(6.2)

From Equation 6.2, the evolution vector field η in a neigh-
borhood of P in R

3 is given by Equation 6.3, which is given

in a representation in terms of the normal vector field and
tangent vector fields to each offset surface.

η = n1 −
(

(a1 − a2)Z12 + b1Z13

)

= n2 +
(

c1Z23 + a2Z12

)

= n3 −
(

b2Z13 + (c2 − c1)Z23

)

(6.3)

The integral curve of η through P is a curve of triple
intersection points and hence follows the evolution of the
A3

1 curve until a sink point is reached.

dχ

dt
= η(χ), χ(0) = P, χ(t) ∈ R

3 (6.4)

Furthermore, define vector fields on the parameter-time
space as

νi = et + αieui
+ βievi

, i = 1, 2, 3 (6.5)

α1 = (a1 − a2)〈−φ2, σ1v1
〉 + b1〈φ3, σ1v1

〉

β1 = (a1 − a2)〈φ2, σ1u1
〉 − b1〈φ3, σ1u1

〉

α2 = −a2〈φ1, σ2v2
〉 + c1〈φ3, σ2v2

〉

β2 = a2〈φ1, σ2u2
〉 − c1〈φ3, σ2u2

〉

α3 = b2〈−φ1, σ3v3
〉 + (c1 − c2)〈φ2, σ3v3

〉

β3 = b2〈φ1, σ3u3
〉 − (c1 − c2)〈φ2, σ3u3

〉

(6.6)

and el denotes the unit vector in the parameter-time
space direction l, l = t, u1, v1, u2, v2, u3, v3. Then, η =
dσi(νi), i = 1 or 2 or 3. This implies that the integral
curves of νi are mapped by σi to integral curves of η. The
corresponding integral curves of νi will trace the evolution
of the intersection curves in the parameter space.

6.2.2 Tracing Algorithm for A3
1 Curves

We first classify the critical points and end points as
source and sink points. A1A3 source points each provide
a start A3

1 point that is computed using local geometric
properties of the medial axis [20]. Source A3

1 critical points
provide two start A3

1 points computed on either side of the
normal to the plane containing the three surface points.
A4

1 source points provide one or two start A3
1 points as

determined using local geometric properties of the medial
axis presented in [20]. Algorithm 2 is used to trace all A3

1

curves.
αi, βi are computed by first solving for aj , bj, cj , j =

1, 2 from Equation 6.2 and substituting in Equation 6.6.
In order to avoid numerical errors accumulating over time,
a refinement step for the system of Equations 5.4 (a), (b)
along with ‖ P − S1 ‖= t + dt to project points accurately
onto A3

1 curves [17].

7 A
2

1
Surfaces

This section presents evolution vector fields to sweep out
intersection curves of offset surfaces under the eikonal flow.
An algorithm to compute the surfaces of the medial axis us-
ing the evolution method is then presented. Between tran-
sition points, the evolution vector fields are integrated to

7



Algorithm 2 Tracing A3
1 curves

INPUT: SRC, SINK
OUTPUT: Call, the set of all A3

1 curves
begin

Call := ∅
for p := (u1, v1, u2, v2, u3, v3, t) ∈ SRC

C := {p}
while p /∈ SINK do

ui := ui + αidt; vi := vi + βidt, i = 1, 2, 3
p := refine(u1, v1, u2, v2, u3, v3, t + dt)
C := C

⋃

{p}
od

Call := Call

⋃

C
end

Fig. 5. Tangent planes of offset surfaces σi with normals ni, i = 1, 2,
intersecting along n1 × n2 at a point P . W ∈ TSσ2

.

compute a time trace of the evolving intersection curves
that, together with transition points, forms the medial axis
A2

1 surfaces. The construction of the evolution vector fields
will follow the same ideas used in the preceding section for
A3

1 curves. It is an adaptation of that given in [10] for the
evolution of intersection curves of two different surfaces un-
der generalized offset flows. In our case, it is applied to the
self-intersections of the offsets of a single surface under the
eikonal flow.

7.1 Evolution Vector Field for Intersection Curves
Consider two separate surface regions Si with unit nor-

mals ni and the offset surfaces under the eikonal flow by
σi(ui, vi, t), i = 1, 2, respectively at a point P on an in-
tersection curve. If P is not a transition point, then σ1

and σ2 are not tangent and hence, n1 and n2 are indepen-
dent. n1 × n2 is tangent to the intersection curve. W =
n2 × (n1 × n2) is in the tangent plane of σ2. W is also or-
thogonal to the intersection curve (Figure 5). Since n1 and
n2 are independent, {σ1u1

, σ1v1
, W} are independent vec-

tor fields, and hence a basis for R
3. Thus, in the the neigh-

borhood of P, we write

n2 − n1 = a1σ1u1
+ b1σ1v1

− W (7.1)

Since W lies in the tangent plane of σ2,

W = a2σ2u2
+ b2σ2v2

(7.2)

Combining Equations 7.1 and 7.2, we obtain two equivalent
representations of the evolution vector field in the neigh-
borhood of P in R

3 given by

ξ = n1 + a1σ1u1
+ b1σ1v1

= n2 + a2σ2u2
+ b2σ2v2

(7.3)

By arguments analogous to those used in [10], ξ is tan-
gent to the surface formed from the union of the evolving
intersection curves of σ1 and σ2, which is the A2

1 surface.
Thus, we can follow the evolution of the intersection curve
(where the evolving curves remain transverse) by integrat-
ing the vector field ξ with initial conditions as the points
on the intersection curve.

dχ

dt
= ξ(χ), χ(0) = P, χ(t) ∈ R

3 (7.4)

Furthermore, define vector fields on the parameter-time
space as ζi = et + aieui

+ bievi
, where el denotes the

unit vector in the parameter-time space direction l, l =
t, u1, v1, u2, v2. Then, ξ = dσ1(ζ1) = dσ2(ζ2). This implies
that the integral curves of the ζi are mapped by σi to in-
tegral curves of ξ. The corresponding integral curves of ζi

will trace the evolution of the intersections curves in the
parameter space.

7.2 Algorithm for Computing A2
1 Surfaces

Given a connected set of samples representing an inter-
section curve at time t, a discrete marching algorithm is
used to trace each point onto a new intersection curve at
time t+dt using Equation 7.4. Suppose, P = σi(u

p
i , v

p
i , t) on

an intersection curve evolves to a point Q = σi(u
q
i , v

q
i , t+dt)

after a small time dt, then (uq
i , v

q
i ) = (up

i + aidt, vp
i + bidt).

ai and bi can be obtained by solving Equations 7.1 and 7.2.
In order to avoid numerical errors accumulating over time,
the middle point algorithm [4] is used to project points ac-
curately onto intersection curves and refine parameter val-
ues simultaneously. Points on an intersection curve are re-
sampled at every time step by adaptively inserting or re-
moving points such that they are uniformly spaced in R

3.
Starting from t = 0, Algorithm 3 is used to compute A2

1

surfaces. Intersection curves can have A3 or A3
1 points at

curve ends after certain transitions. Since A3 and A3
1 curves

are computed in a prior step, the evolution of such end
points is performed by tracking points on corresponding
A3 and A3

1 curves. A1A3 and A4
1 points occur at transition

events only. Such points are added to intersection curve
ends during the transition to maintain topological structure
of the medial axis. Recall from Section 2 that every medial
axis point is associated with a set of parameter values, one
for each contact point on S. Each parameter designates a
distinct region of S, where the intersection of the offsets at
time given by the radius of the maximal sphere results in the
medial axis point. During transitions, the correspondences
between parameter values of two interacting intersection
curves are obtained using distance in parameter space to
consistently identify distinct regions of S.

8 Results and Discussion

This section presents examples of 3D medial axis com-
putation using the proposed approach. In each example,
the region of interest is bounded by a single tensor prod-
uct parametric biquintic B-spline surface. As explained in
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(a) (b)

(c) (d)

Fig. 6. Several stages of evolution of medial axis of a deformed ellipsoid. Transition points are shown in green, evolving intersection curves
are shown in red.

(a) (b)

(c) (d)

(e) (f)

Fig. 7. Several stages of evolution of medial axis of a deformed ellipsoid with a fin. Transition points are shown in green, evolving intersection
curves are shown in red.

Algorithm 3 Computing surface sheets

(i) Sort transition points in order of increasing time.
(ii) Increment t by small timestep dt.
(iii) If no transition points are encountered, evolve all cur-

rent intersection curves to t + dt.
(iv) Otherwise, perform transition for each transition

point encountered in increasing order of t and evolve
intersection curves not involved in the transition
event.

(v) If all transitions have been completed, then stop. Oth-
erwise, repeat Step (ii).

Section 4, the medial axis singular set and transition points
are computed prior to computing surface sheets of a medial
axis. Figures 6, 7 and 8 show several steps of the evolution
of the (self-)intersecting set of the eikonal flow for various
shapes. In these figures, A1A3 points are indicated by pur-
ple spheres, A4

1 points by dark blue spheres, A3 curves by
thick blue curves, A3

1 curves by thick yellow curves and A2
1

surface sheets in dull violet. Transition points are shown

as green spheres and evolving intersection curve fronts are
shown as thick red curves.

Figure 6 shows several steps of the A2
1 surface computa-

tion for a deformed ellipsoid shape. The medial axis singu-
lar set for this example is a single A3 curve. The evolution
starts at the left and right extremities of the shape that
correspond to curvature maximum creation points. The in-
tersection curves merge into a single loop at two simultane-
ous curvature saddle points that then annihilates at a dis-
tance maximum point. The medial axis therefore consists
of a single A2

1 surface bounded by a closed A3 curve.
Figure 7 shows several steps of the A2

1 surface compu-
tation for a deformed ellipsoid shape with a fin. The me-
dial axis singular set for this example consists of a closed
A3 curve, another A3 curve segment with an A1A3 point
at both ends and an A3

1 curve connecting the two A1A3

points. Intersection curves are created at curvature maxi-
mum points at the left and right extremities of the shape,
as well as at the top of the model corresponding to the fin.
The intersection curves corresponding to the bottom sur-
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(a) (b)

(c) (d)

(e) (f)

Fig. 8. Several stages of evolution of medial axis of an object with multiple interconnected medial surfaces. Transition points are shown in
green, evolving intersection curves are shown in red.

face merge into a single loop at two simultaneous curvature
saddle points. The intersection curves then transition at
the two A1A3 points and annihilate at a critical point on
the A3

1 curve.
Figure 8 shows several steps of the A2

1 surface computa-
tion for a more complicated shape. Intersection curves are
created at curvature maximum points (Figure 8(b)). An A3

curve loop is formed after corresponding intersection curve
segments merge at curvature saddle points (right most A3

curve shown in Figure 8(b)). The intersection curves un-
dergo further transitions at fin points (Figure 8(c) and (d))
and then evolve through the A4

1 point where three A3
1 curves

flow into the A4
1 point and a fourth one flows outward (Fig-

ure 8(e)). The intersection curves finally annihilate at a
critical point on the A3

1 curve (Figure 8(f)). The medial axis
for this shape exhibits all the generic structural elements
presented in Section 2. There are two A3 curve segments
each having an A1A3 fin point at both ends. There is also
one A3 curve loop. Four A3

1 curve segments meet at an A4
1

point shown as a dark blue sphere (Figure 8(b)). The other
ends of the four A3

1 curve segments correspond to the A1A3

fin points where they meet A3 curve segments.
In addition to accurate points on the medial axis, the

proposed approach also accurately captures the topological
structure of the medial axis. Figure 1 shows all the surfaces
as well as entities of the singular set colored differently. In
addition, since the evolution tracing is performed in para-
metric space, the boundary locations corresponding to each
medial axis point is also known.

Although the approach is presented for the generic situ-
ation, the examples presented above do have certain non-

Table 1
Computation Times (TP = Transition Point, C = Curves)

Biquintic surfaces A3 TP A2
1 TP A3

1 + A4
1 TP A3 C, A1A3 A3

1 C Surfaces

(control points) (min) (sec) (min) (min) (sec) (sec)

Fig. 6: 13 × 9 18 35 40 4.4 - 2

Fig. 7: 15 × 9 23 36 40 5.3 1 3

Fig. 8: 17 × 15 55 59 90 40 1 7

genericities. For example, in the examples shown in Figure 6
and Figure 7, there are two simultaneously occurring cur-
vature saddle point transitions that modify the same set of
evolving intersection curves. Further, in the example shown
in Figure 7, there are two simultaneously occurring A1A3

points. These situations are addressed as special cases in
the implementation. The examples shown in Figure 6 and
Figure 7 also have degenerate points that are sharp corners
at the left and right extremities. These points are computed
as curvature maximum points having a very small radius.
Critical points with more than four tangency points will be
identified as A4

1 points with the four tangency points be-
ing a subset of the actual number of points. Symmetrical
regions (e.g., spherical or cylindrical regions) also result in
non-generic situations.

The computational complexity of the proposed algorithm
is directly proportional to the number of transition points
since it bounds the total number of intersection curves over
the entire evolution for a given model. Likewise, the num-
ber of critical points, A1A3 points and A4

1 points bound the
number and hence computational complexity of A3 and A3

1

curve tracing. Table 1 presents running times on an Intel
x64 machine with four cores and 8GB RAM for the exam-
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ples shown in this paper. It is evident from the table that
most of the time was spent in computing the transition
points since that involves B-spline root finding. We are cur-
rently investigating further enhancements to the root find-
ing algorithms to reduce computation time. Although the
total running time is longer than is desirable, each stage of
the proposed approach is automatic, presenting accurate
solutions with topology. Therefore, time consuming manual
pruning and structure extraction steps are not required.

The techniques for computing transition points of A3,
A2

1 and A1A3 types provide all solutions. In order to re-
duce computation time for A3

1 and A4
1 transition points,

they were required to be at least further apart than 5% of
the size of the parametric domain in the examples shown.
Therefore, no two transition events could occur within a
region of this size. The topology of the computed medial
axis is accurate up to this specified accuracy. Between tran-
sition events, a much higher accuracy (10−4 of the size of
the model in R

3) was used to locate the medial axis points
since the evolution of the intersection curves is smooth.

In the current implementation, it is assumed that the
boundary surface is given by a single B-spline surface. How-
ever, the theoretical results are quite general and extend
to regions bounded by multiple surface patches stitched
together since we present results considering different re-
gions of a single surface. For multi-surface models, com-
putation of transition points will involve a combinatorial
search with subsets of surfaces (O(nk) combinations for n-
surface model for Ak

1 point type). The implementation of
algorithms for computing curve elements and medial sur-
faces will involve keeping track of the boundary surfaces
involved along with corresponding parameter values. Fur-
ther, the approach is not restricted to simply connected re-
gions having genus zero even though the examples shown
in the paper are such types of objects. We are also investi-
gating efficient techniques to address multi-surface models
that also includes objects with multiply connected surfaces
having higher genus.

9 Conclusions

A new algorithm for computing the medial axis of regions
in R

3 bounded by tensor product parametric B-spline sur-
faces is presented. The generic structure of the 3D medial
axis consists of A2

1 surfaces along with a singular set of A3

curves, A3
1 curves, A1A3 points and A4

1 points. The pro-
posed approach is based on the eikonal or grassfire flow of
the bounding surfaces along the inward surface normal di-
rection. The eikonal flow results in special transition points
that create, modify or annihilate evolving (self-) intersec-
tion curves of the corresponding offset surfaces. The tran-
sition points as well as A1A3 and A4

1 points are computed
by solving geometric equations using B-spline based root
finding techniques. The geometric equations are of high de-
gree and dimensions and several strategies for reducing the
computation time are provided. A3 curves are computed
using the technique presented in [33]. A3

1 curves are com-
puted using a new evolution based tracing approach. A2

1

surfaces of the medial axis are computed as a time trace of
the evolving (self-) intersection set under the eikonal flow
using an adaptation of the technique presented in [10] in
conjunction with techniques for addressing special transi-
tion events of the eikonal flow.

Existing discrete techniques introduce artifacts that are
not part of the medial representation and considerable ef-
fort is required to remove them. In addition, the output of
existing techniques is typically a set of discrete elements
without connectivity and structural information. Consid-
erable manual effort is required in order to infer this infor-
mation. Existing approaches for smooth surface represen-
tations compute only partial solution of the medial axis,
specifically A3

1 curves and A4
1 points, for a restricted set of

shapes. The proposed approach enables accurate compu-
tation of the complete medial axis as well as correct topo-
logical structure for regions bounded by freeform surfaces.
The proposed approach does not generate non-medial ar-
tifacts and also computes parameter values of the bound-
ing surface points corresponding to each medial axis point.
Ongoing work includes further optimizations of the transi-
tion point computation strategies to improve computation
time, and extension of the proposed work for multi-surface
models and to address other non-generic situations.
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A Maximal Condition Check

In several steps of the algorithms presented in this pa-
per, it is necessary to check whether a given point P corre-
sponds to the center of a sphere with radius d that is max-
imally inscribed within the region bounded by B. In this
work, this condition is checked by first computing the clos-
est point on S(u, v) to P . Closest points are computed by
first computing points on the surface where the distance to
P , given by ‖ S(u, v) − P ‖, attains a critical value. Such
points are obtained by finding simultaneous roots of Equa-
tion A.1 using robust B-spline equation solvers [17,15].

〈S − P, Su〉 = 0, 〈S − P, Sv〉 = 0 (A.1)

All roots are then inspected to select the one with the small-
est distance. For P to correspond to a maximally inscribed
sphere, the smallest distance must equal d.
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